OPTIMAL O(k)-ROBUST SPANNERS IN ONE DIMENSION

TBD

October 29, 2018

AsstrAcT. For any € > 0 and any n € N, we construct a graph G = (V, E) with vertex set
V ={0,...,n—1} having O(e*nlogn) edges, and such that, for any F C V, G - F contains a
monotone path of length at least #n— (1 + €)|F|. For any constant € > 0, the number of edges
in G matches a lower-bound of Bose et al. (2013) and improves the previous construction
of Buchin, Hulshof and Oléh (2018) which has O(n!*1/¢) edges and guarantees a monotone
path of length 1 — c/|F|, for some constant ¢ > 3 and any £ € N.

1 Introduction

A geometric graph G = (V, E) with vertex set V C R is a (geometric) t-spanner of a subset
X c V if, for every pair of verticesv,w e X, v # w,

lvwllg
[vwl|

(1)

where ||vw|| denotes the Euclidean distance between v and w and |[vw||g denote the Eu-
clidean length of the shortest path between v and w in G, where use the convention that
|lvw|lg = oo if v and w are in different components of G. Most of the research on spanners
focuses on sparse spanners, where the number of edges in G is linear, or close to linear,
in |V|. In addition to having natural applications to transportation networks, sparse ¢-
spanners have found numerous applications in approximation algorithms and geometric
data structures.

For any non-decreasing function f: N — N, Bose et al. say that a geometric graph G
is an f(k)-robust t-spanner if, for every set F C V(G), there exists a set F* 2 F such that
|F*| < f(|F|) and the graph G—F is a t-spanner of V(G)\ F*. In networking applications, this
definition captures the idea that the number of nodes harmed by a set faulty nodes should
be bounded by a function of the number of faulty nodes.

Under this definition, the most robust spanner one could hope for would be a k-robust
spanner, but it is straightforward to argue that, even for one dimensional point sets, the
complete graph is the only k-robust spanner.! The complete graph is not sparse, and is
therefore not suitable for many applications. A natural second-best option is a ck-robust
spanner with a near-linear number of edges, for some ¢ > 1.

Bose et al.[4, Theorem 3] show that for any constants ¢, > 1 and any n-element set V C
R, any ck-robust t-spanner G = (V, E) must have ()(nlogn) edges. Their work does not give

IProof: Consider any pair of vertices v,w € V that are not adjacent in G and let F = V \ {v,w}. Then
|lvw||G—F = 00 so G—F is a not a t-spanner of V \ F = V' \ F* for any f < oo.
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Figure 1: The binary tree T on {0,...,n—1}.

any construction matching this lower bound, leaving a gap in our understanding of robust
spanners, even in one dimension. Buchin, Hulshof and Ol4h [5] made the first progress in
filling this gap by constructing, for any € € N, a k20(Y)-robust spanner 1-spanner having
O(n'*1/¢) edges.” In the current paper, we prove the following result:

Theorem 1. For every n-element set V. C R and every € > 0, there exist a (1 + €)k-robust 1-
spanner G = (V,E) with O(e3nlogn) edges.

The lower-bound discussed above implies that the number of edges in Theorem 1 is
optimal, except possibly for the dependence on e.

In any graph G whose vertex set is a set of real numbers, a path xi,...,x,, in G is
monotone if x; <--- < x,,. The statement “G is a 1-spanner” is equivalent to the statement
“there is a monotone path that includes all vertices of G.” Therefore, to prove Theorem 1 it
is sufficient to show that we can construct a graph G = (V,E) with V ={0,...,n—1}, having
O(e™3nlogn) and such that, for any F C V, G — F contains a monotone path of size at least
n—(1+ €)|F|. From this point on, we will focus on this problem.

2 The Construction

Without loss of generality, assume 7 is a power of 2 and refer to Figure 1. Construct a com-
plete ordered binary tree T of height log, n whose nodes are contiguous sets of integers.
The leaves of T, in left-to-right order, are the singleton sets {0},...,{n—1} and each internal
node of T is the set obtained by taking the union of its two children. Stated another way,
T =T(0,log, n), where T(i,b) has a single node {i} if b = 0. Otherwise T(i, b) has a root node
{i,i+1,...,i+2% =1} whose two children are the subtrees T(i,b—1) and T(i + 2b=1,b - 1).

Note that the nodes of T can be partitioned in levels Ly,...,Ljog,,, Where each L; =
{tio,...,uj5i_1} and ‘ '
Uik = {kn/2’,...,(k+ 1)71/2Z - 1} .

For each consecutive pair (u; x, #; k1) of nodes in L; we say that u; ; and u; ;.| are buddies
and we call u; ., the right buddy of u;;. For any k € {0,...,2" — 1}, we use the notation
r(u; k) to denote the right-buddy, u; 1,1, of u; x. We also use an iterated for version of this
notation: r(O(u) = u and, for any j € N, r)(u) = r(+U=D(u)).

2As they describe it, the construction of Buchin et al. [5] is a 6{k-robust. However, using expanders, the
base 6 can be reduced to 3 + 6 for any & > 0 while only increasing the number of edges by a factor of (1/5).
This is done by replacing their matchings with the exploder graphs described in Theorem 2.




2.1 Expanders

Our construction G will consist of the union of many exploder graphs whose properties are
given by the following definition:

Definition 1. A bipartite graph B = (X,Y,E) with |X| = |Y| = n is called an order-n e-
exploder for (X, Y) if, for every X' C X, |X’| > en/4, INg(X")| = (1 — €/2)n.

Exploders are, of course, closely related to expanders [6]. However, where work on
expanders typically focuses on ensuring that small subsets X’ expand to a subset Y’ that
is a constant factor larger than X’. With exploders, we only care about large subsets X’
but we wish to ensure that these subsets expand to a subset Y’ that contains a very large
fraction of Y.

The proof of the following theorem is standard (see, e.g., [6, Lemma 1.9]). We include
it only only for completeness, because it is short and it establishes the dependence between
the number of edges and e.

Theorem 2. For any € > 0 and any n € N, there exists an order-n e-exploder having O(n/e?)
edges.

Proof. Consider the random bipartite graph B = (X, Y, E) in which each vertex in X chooses
d random elements of Y as neighbours, with replacement. Fix a subset X" C X of size en/4
and a subset Y’ C Y of size (1 — €/2)n. The probability that all elements of X’ choose all
their neighbours in Y’ is (1 — e/2)%"4. Applying the union bound over all choices of X’
and Y’ we get that the probability that B is not an e-exploder is at most
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for d > 16/€>. Therefore, we conclude that there exists an order-n e-exploder with at most
16n/e? edges. O

Our graph G will contain many e-exploders for pairs (1, w) where u,w € L; are nodes
at the same level, 7, of T. Given a set F C V, we say that a node u of T is sparse with respect
to Fif [u NF| < (1 —e¢)|lu| and u is dense (with respect to F) otherwise. In other words, if u is
sparse then |u \ F| > elu|.

The following observation is a consequence of the definitions so far:
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Figure 2: An example with € = 1/4. Elements in F are denoted by x, dense nodes
are shaded blue, sparse nodes whose right buddy is dense are shaded in pink. F* =
{4,5,6,7,8,9,10,11,18,19,20,22,23,24,25,29,30} includes every value in every shaded
node.

Observation 1. Let n, G, F, T, and Ly, ..., Liog,, be as defined above and and assume the
following:

1. xe{l,...,n} is a vertex and u,w € L; is a pair of nodes of T;

2. {x} <u<w;

3. G contains an e-exploder, B, for (u,w); and

4. u' Cu, |u’'| > €lu|/4, and, for every x" € u’, G — F contains a monotone path from x to x’.

Then there exists a subset w’ C w, |w’| > (1—€/2)|u|-|FNw|, and, for every y € w’, G—F contains
a monotone path from x to y.

Proof. By the definition of e-exploder, Np (u’) is a subset of w of size at least (1 —¢e/2)w|.
Therefore w’ = Ng (u’) \ F has size [w’| > (1 — €/2)lw| - |[F N w|. Every vertex y in w’ has

a neighbour x” € u’. Appending the edge x’y to the monotone path from x to x” gives a
monotone path from x to p. O

2.2 A (2+e)k-Robust Construction

We now describe a first construction of G that has O(e %nlogn) edges and guarantees that,
for any F C V, G — F has a monotone path of length at least n— (2 + O(¢))|F|. Changing
notation slightly, this means that, for any 6 > 0, G is a (2 + 0)k-robust 1-spanner with
O(6™'nlogn) edges.

The graph G contains, for each pair (u,w) of buddies in T, an exploder graph B,
for the pair (u,w). The graph B,, has O(e?|u|) edges. Therefore, for each level L;, the
buddy pairs in L; contribute O(e™2n) edges to G. Summing over all levels we see that G
has O(e~%nlogn) edges.

Next we define a set F* 2 F as follows:
F*=U{u € V(T): uis dense or r(u) is dense} .
Refer to Figure 2. First we show that F* 2 F is not overly large:

Claim 1. F* D F and, for any € < 1/2, |[F*| < (2 + 4¢)|F|.




Proof. Consider the set M of maximal dense nodes containing exactly those nodes u of T
that are dense and such that no strict ancestor of u is dense. Observe that every x € F
appears in exactly one node of M. This immediately implies that F* D F.

To upper bound |F*|, observe that |[F*| <) .5 2|u| and that

[Fl=) [Fnul>) (1-e)ul,

ueM ueM
SO
.2 S
< = E = E <
T 2r70€ 2(1+€+6r,16 <2(1+2e) . O

Claim 2. For any F C V(G), G —F contains a monotone path of size at least n — (2 + O(€))|F|.

Proof. For a sparse node u of T with x < min(u) we say that a subset u’ C u is a witness set
for (x,u) if |u’| > (1 — €/2)|u| - |F N u| and, for every x” € u, G — F contains a monotone path
from x to x’.

We will construct the path in G—F in a sequence of phases. At the beginning of phase
p we begin at a vertex x, € F' and the phase will end when we are able to construct a
monotone path to some vertex y, > x,, y, € F*. For the first phase, we begin with x; as the
first vertex not in F™, i.e., x; = min(V(G) \ F*). For each subsequent phase p, the starting
vertex x, = y,_; found in the previous phase.

The pth phase consists of a sequence of rounds. Refer to Figure 3. At the beginning of
the ith round we have a triple (a;, u;, u;) where a; is a node of T containing Xp, Ui = r(a;),
and u; is a witness set for (x,, u;). To begin phase p we set ag = {x,}, 1o = r(ag) = {x,+1}, and
uj = uy. Since xp & F', neither ag nor u is dense. Since ag and u, are buddies, G contains
the exploder B, ,, which contains the single edge with endpoints x, and x, + 1. Therefore,
uy = {x, + 1} is indeed a witness set for (x,, ug).

Now consider a general round that begins with (a;, u;,u;). Since x, € a; and xp € FT,
each of a; and u; are sparse with respect to F. There are three cases to consider. These
cases are not mutually exclusive, but when more than one applies, we consider the first
applicable case.

L. uj\F* is non-empty. In this case we take y, = min(u;\F*). We have found a monotone
path from x, to y, € F" so we complete the phase and being the next phase starting
from x,,1 = p,.

2. u; contains n—1 (see round i = 4 in Figure 3). In this case, r(u;) does not exist. This
is the final phase. We take y, to be any element of u;. Since y, € F* we can not begin
another phase and we terminate the entire procedure, having constructed a path that
terminates at any node Yp-

3. a; and u; are siblings with a common parent a;,; (see rounds i = 1,2 in Figure 3).
In this case, we set u;,; = r(a;,;). Notice that u] C u; C a;,1 and that |u]| > e|u;|/2 =
€laj,11/4. Therefore, by Observation 1, u; , = Np (u’) \ F is a witness set for

(xXp, Uiy1)-

i1 Hi+]




as ” Uy
|

| [ = | = ] | |

L L Taled [ 1 [ [ [ [ 1 1 |
[T L Joofisfel [ [T T T L]

| E | s I w3 |

R

G == ===

== e R

HEEEEEEG RN

Figure 3: The nodes a;, u;, and w; visited during phase p. The node ay is the leaf containing

Xp.
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4. Otherwise, the parent a;,; of a; and the parent u;,; of u; are distinct (see rounds i =
0,3 in Figure 3). In this case u; is the left child of u;,;. Let w; = r(u;) be the right child
of ui,;. Then G contains the exploder B, ,,, so by Observation 1 w; = Np (u’)\F is
a witness set for (xp,w).

uw

Now, for every y € u],, = u; Uw;, G — F contains a monotone path from x to y and
|| > ]+ lwj]
> (1 —€/2)|u;| —|F nu;|+ (1 —e/2)|w;| — |F Nw;]
=(1—€e/2)ujp1| = [F Nujyql

Therefore u;, , is a witness set for (Xp, Uig1)-

This completes the description of phase p that constructs a monotone path in G — P
that begins at x, and ends at y,. We will now argue that the vast majority of vertices in
{x,+1,...,y,—1} are in the set F". More specifically, we will show that |[F*Nn{x,+1,...,y, -
12 (1-0(e))(yp —xp = 1).

Consider the sequence uy, ..., u;. This sequence begins at ug = {x, + 1} and each set
in the sequence is twice as large as its predecessor. If, for some node u; in this sequence
u; O uj_1, then u;_ is the left child of u; in T and w;_; is the right child of u;. We create a
new sequence vy, ..., Vx where

Y. = {wi_l if i>0and u;_; Cu;
;=

u; otherwise

See Figure 4. The nodes in the modified sequence vy,..., vy form a partition of {min(v),..., max(vg)}
and each node v; is at most four times the size of v;_;.
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In Case 3, above, the phase will terminate in round i + 1 if |u;,; \ F*| > €|u;1]/2. In
Case 4, the phase will terminate in round 7 + 1 if |w; \ F*| > e|w;|/2. This implies that, for
eachie{l,...,k—1}, [v;\ F'| < €[v;|/2, otherwise the phase would have terminated in round
i<k. Stated another way,

lvi N F

1 —e/2 = <(l+e€)y;NnF*| .

lv;| <

Let ¥ = {z € vy : z <y,}. Observe that 7 contains at most €[vi|/2 vertices that are not
in F*, otherwise v, N ¥} is non-empty, contradicting the minimality of y,. This means

h}kl < |F+ ﬂﬁkl + elvkl/Z .

Now we have

k-1
Yp—xp—1= ) [vil+I0yl
i=0
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=
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=(1+4e){ze F":x, <z <y}l




Suppose the procedure terminates after s — 1 phases, so that x; < --- < x,_; are the
vertices that begin each phase. For convenience we define x; =y 1, xg = —1 and x,,1 = n.

For each p €{0,...,s}, let F; ={z€ F":x, <x <xp.1}. Since none of x,..., x| are in
F*, F§,...,Ff is a partition of F*.

For each p € {1,...,s}, the argument above shows that (1 + 4€)|F;| > xp,1 —x, — 1. Fur-
thermore, the minimality of x; ensures that (1 +4¢)|F§| > |F{| = x; = x; —xo — 1. Therefore,

S
(1+4€)[F*| = (1+4e) ) |F;]
p=0

S
> Z(xp+1 ~x,—1)
p=0

=n-s.
SO

n—(1+4e€)|F*|
n—(1+4e)(2+4e)|F|
n—(2+O(e))|F| .

S

vV v

Since s is a lower bound on the size of the monotone path in G — S constructed by this
procedure, this completes the proof. O]

3 Achieving 1+¢

Next, we show how to generalize our construction so that, for any F c {1,...,n}, G—F con-
tains a monotone path of size n— (1 + O(e))|F|. To achieve this, we add additional exploder
graphs. For each node u of T, and each i € {1,...,q} such that \)(u) exists, G contains
the edges of an exploder graph for the pair (u,7(/(1)). Observe that this construction,
with g = 1, corresponds exactly to the graph G described in the previous section. In this
generalized construction, the number of edges is O(ge~>nlogn) edges.

Given a set F C V, we define F* as follows: The vertices in each node u of T are all
included in F* if

1. u is dense with respect to F; or

2. rD(u) exists and is dense with respect to F foralli e {1,...,q}.

For any maximal node u that is not dense but satisfies Condition 2 above, the nodes
rM(w),...,rD(u) all exist and are dense. It follows that

P < (S0 g

1-¢€
<(1+1/9)(1 +2¢)|F| (for any € < 1/2)
< (1 +4e)|F]| (for g =[1/€).




Claim 3. For any F C V(G), G —F contains a monotone path of size n— (1 + O(e))|F|.

Proof. This proof is similar to the proof of Claim 2 so we only focus on the differences.

The path is constructed in phases and each phase is made up of several rounds. Phase

p begins at a vertex x, and ends when we find a monotone path from x, to some vertex

Yp € F*. During each round, we consider the unique node a; of T that has size 2¢ and that

contains x,. For Round 0 we begin at the unique leaf {x,} of T that contains x,,.

In addition to 4; we will consider the nodes v; 1,...,v; 5, where v; ; = r(a;) and d; is
the smallest integer such that r(4)(a;) is sparse. If no such integer exists, the procedure for
finding the monotone path has completed and finishes at x,. To remain consistent with
notation in the proof of Claim 2, we define u; = v; 4.

For each round i, we will maintain the following witness invariant: Each node Vi j»

j€{l,...,d;} has a subset Vi,,j C v; j that is a witness set for (x,,v; ;).

To proceed from round i to round i + 1 we consider the first of following cases that is
applicable:

L. u; \ F* is non-empty. In this case, we take y, = min(x; \ F*). We have found a
monotone path from x, to y, and we terminate the phase. The next phase begins
at Xpp1 =Vp.

2. Each of r(a;,1),...,7@(a;,;) is non-existent or dense. In this case, the procedure
terminates. This is the final phase and the path we have constructed ends at x,,.

3. u;is the right child of u;,;. This case is easy. For eachnode v € {v;,1,1,...,Vj41,4.,,}, the
two children of v are contained in {v;,...,v; 4,}. For each such node v, the witness
invariant ensures that v’s two children each have witness sets. The union of these
two witness sets is a witness set for v. Thus we are able proceed from round i to
round 7 + 1 while maintaining the witness invariant.

4. u; is the left child of u;,;. Let w; = r(u;) be the right child of u;,;. Then G contains
the exploder graph B, ,,. Since u; is sparse and has a witness set u;, Ng, .. (1)) Cw;
is a witness set for w;. Now we proceed as in the previous case since, for each node
v € {Vis1,1,-+-,Vis1,d,, ), the two children of v are contained in {v; ,...,v; 4.} U {w;}.

5. Otherwise, u; is not a child of u;, ;. In this case, select j € {1,...,d;;; — 1} so that v;, ;
is the parent of u;. By using one of the two preceding arguments, we conclude that
each of v 1,...,v; ; has a witness set. All that remains is to show the existence of a
witness set for each v € {v; j;1,...,7j;1,4,,,}- To see why this is the case, observe that
the witness set u’ is a subset of v; ; of size at least €|u;|/2 > €[v; ;|/4. Now, G contains
the exploder graph By, v Therefore, by Observation 1, N Bvl_’]_rv(u; ) is a witness set for

v. Thus, we are able to maintain the witness invariant when proceeding from round
itoround i+ 1.

This completes the description of how to construct the path from x, to y, = x,,1 in
phase p of the procedure. The remainder of this proof proceeds almost exactly as the proof




of Claim 2. In particular, the same arguments used in the proof of Claim 2 show that there
are nodes vy,..., v and a partial node Uy = {z € v : z < y,} such that (i) vi,...,v,_1, V% is
a partition of {x, +1,...,y, — 1}; (ii) for each i € {1,...,r = 1}, |v;;1| < 4|v;| and [v; N F| >
(1 - O(€e))lv;|; and (iii) [9 \ F*| < €lvg|/2. This establishes that y, —x, -1 < (1 -O(e))l{z €
F*:x, <z <yp}l. At this point (after taking special care of the first and final phase),
the same double-counting argument establishes that the number, s, of phases is at least
n—(1+O(e))|F*| =n—(1+ O(e))|F|. Since the monotone path we construct contains all the
vertices x1,..., X, this completes the proof. O

4 Remarks

Claim 3 and the fact that the graph G in Section ?? has O(ge~2nlogn) = O(e 3nlogn) com-
pletes the proof of Theorem 1.

Except possibly for the dependence on €, this work settles the question of f(k)-robust
spanners in 1-dimension. The obvious extension of this work is to 2-dimensions. There,
larger gaps remain between the upper and lower bounds. Indeed, for point sets in R?,
no non-trivial constructions of f(k)-robust t-spanners exist for any constant t > 1 and any
f(k) € o(k?). We conjecture that, for every constant t > 1, every n-point set V C R? has
an O(k)-robust t-spanner with O(nlogn) edges. More specifically, we conjecture that if
one considers a semi-separated pair decomposition {(A;,B;) : i € {1,...,r}} [2, 1, 3] with
an appropriate separation parameter s (that depends on t) and constructs a graph G that
contains an e-exploder for each pair (A;, B;) then the resulting graph is an O(k)-robust
t-spanner.
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