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Abstract. An ω-wedge consists of two rays emanating from a single1

point (the apex), separated by an angle ω < π. Given a convex polygon2

P , we place the ω-wedge such that P is inside the wedge and both rays3

are tangent to P . The ω-cloud of P is the curve traced by the apex of4

the ω-wedge as it rotates around P while maintaining tangency in both5

rays.6

Previous work crucially required knowledge of the points of tangency of7

the ω-wedge to reconstruct P . We show that if ω is known, the ω-cloud8

alone uniquely determines P , and we give a linear-time reconstruction9

algorithm. Furthermore, even if we only know that ω < π/2, we can10

still reconstruct P , albeit in cubic time in the number of vertices. This11

reduces to quadratic time if in addition we are given the location of one12

of the vertices of P .13

1 Introduction14

“Geometric probing considers problems of determining a geometric structure or15

some aspect of that structure from the results of a mathematical or physical16

measuring device, a probe.” [11, Page 1] Many probing tools have been studied17

in the literature such as finger probes [4], hyperplane (or line) probes [5,8],18

diameter probes [10], x-ray probes [6,7], histogram (or parallel x-ray) probes [9],19

half-plane probes [12] and composite probes [3,8] to name a few.20

A geometric probing problem can be considered as a reconstruction problem.21

Can one reconstruct an object given a set of probes? Rao and Goldberg [10]22

showed that it is not always possible to uniquely reconstruct a convex polygon23

using diameter probes. In [1], Bose et al. studied a probing device called an ω-24

wedge, a generalization of the diameter probe of Rao and Goldberg. It consists25

of two rays emanating from a point called the apex of the wedge. The angle ω26

formed by the two rays is such that 0 < ω ≤ π/2. A single probe of a convex27

n-gon O is valid when the object O is inside the wedge and each of the rays is28

tangent to the object (see Figure 1a). A valid probe returns the coordinates of29
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the apex, and the coordinates of the two points of contact between the wedge and30

the object. They proved that using this tool, a convex n-gon can be reconstructed31

using between 2n − 3 and 2n + 5 probes, depending on the value of ω and the32

number of so-called narrow vertices in O.33
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Fig. 1. (a) A minimal ω-wedge; (b) A convex polygon P (shaded area) and its ω-cloud
Ω: the arcs (orange lines), pivots (purple disk marks), and all the supporting circles
(light-pink lines).

As the ω-wedge rotates around O, the locus of the apex of the ω-wedge34

describes a curve called an ω-cloud (see Figure 1b). In this paper, we show that35

it is possible to reconstruct on object from its ω-cloud. If the value of ω is known,36

we present a O(n) time and O(k) space algorithm to reconstruct O, where k is37

the number of vertices with angle less than ω. In particular, this means that the38

space is constant for any fixed value of ω. If the value of ω is not known, we39

can still recover O, as long as ω < π/2. In this case, we give an O(n3) time and40

O(n2) space reconstruction algorithm. If, in addition, we know a vertex of O and41

the vertices are in a form of general position, this reduces the time to O(n2).42

The rest of the paper is organized as follows. Section 2, after introducing43

necessary definitions and notation, gives a number of useful properties of ω-44

clouds, in particular, the uniqueness of the polygon P for the given ω-cloud45

and fixed value of ω (see Theorem 1). Using these properties, in Section 3 we46

derive the algorithms to reconstruct polygon P from its ω-cloud, either knowing47

ω (Section 3.1), or not (Section 3.2).48

2 Properties of the ω-cloud49

Let P be an n-vertex convex polygon in R2. For any vertex v of P , let α(v) be50

the internal angle of P at v. Let ω be a fixed angle with 0 < ω < π. An ω-wedge51

W is the set of points contained between two rays a` and ar emanating from the52
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same point q, called the apex of W , such that the angle between the two rays is53

exactly ω (see Figure 1a). We refer to the two rays a` and ar as the left and the54

right arms of W , respectively. We say that an ω-wedge W is minimal for P if55

P is contained in W and the arms of W are tangent to P . The direction of W56

is given by the bisector ray of the two arms of W . Note that for each direction,57

there is a unique minimal ω-wedge.58

Definition 1 (ω-cloud [2]). The ω-cloud of P is the locus of the apexes of all59

minimal ω-wedges for P .60

The ω-cloud Ω of P consists of a circular sequence of circular arcs, where61

each two consecutive arcs share an endpoint. We define an arc Γ of the ω-62

cloud as a maximal contiguous portion of Ω such that for every point of Γ the63

corresponding minimal ω-wedge is combinatorially the same, i.e., its left and64

right arm touch the same pair of vertices of P . The points on Ω connecting65

consecutive arcs are called pivots. We note that if ω ≥ π/2, two consecutive arcs66

of the ω-cloud can lie on the same supporting circle. In this case we call the67

pivot separating them a hidden pivot. There are between n and 2n pivots [2].68

A vertex v of P is called narrow if the angle α(v) is at most ω. Note that a69

pivot of Ω coincides with a vertex of P if and only if that vertex is narrow. In70

this case, we also call such pivot narrow. If α(v) < ω, we call v (the vertex or71

the pivot) strictly narrow. The portion of Ω between two points s, t ∈ Ω, unless72

explicitly stated otherwise, is the portion of Ω one encounters when traversing73

Ω from s to t clockwise, excluding s and t. We denote this by Ωst. The angular74

measure of an arc Γ is the angle spanned by Γ , measured from the center of its75

supporting circle. For two points s, t on Ω, the total angular measure of Ω from76

s to t, denoted as DΩ(s, t), is the sum of the angular measures of all arcs in Ωst.77

Each point x in the interior of an arc corresponds to a unique minimal ω-78

wedge W (x) with direction d(x). Let u be a pivot of Ω. If u is not strictly79

narrow, u also corresponds to a unique minimal ω-wedge W (u) with direction80

d(u). Otherwise, u corresponds to a closed interval of directions [d`(u), dr(u)],81

where the angle between d`(u) and dr(u) equals ω − α(u). See Figure 2a. Let82

W`(u) and Wr(u) denote the minimal ω-wedges with apex at u and directions83

respectively d`(u) and dr(u). For points x on Ω that are not strictly narrow84

pivots, we define dr(x) and d`(x) both to be equal to d(x), and W`(x) and85

Wr(x) equal to W (x).86

Lemma 1. Let s, t be two points on Ω, such that there are no narrow pivots87

between s and t. Then the angle between dr(s) and d`(t) is DΩ(s, t)/2.88

Proof. Suppose first that Ωst is a single arc (see Figure 2b). The angle α between89

dr(s) and d`(t) equals the angle β between the left arms of the two minimal ω-90

wedges corresponding to these directions. Angle β equals β′, which is half the91

angular measure of the arc Γ , i.e., DΩ(s, t)/2.92

Now suppose that Ωst consists of several arcs. By assumption, none of the93

pivots separating these arcs are narrow (although s and t may be). Consider94

the change of direction of the minimal ω-wedge as it moves from s to t. After95
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Fig. 2. (a) Narrow vertex u of P , wedges W`(u) and Wr(u) (resp., green and blue solid
lines) and their directions d`(u) and dr(r) (resp., green and blue dashed lines); (b)
Illustration for the proof of Lemma 1

traversing an arc with endpoints u and v, by the above observation, the direction96

changes by exactly DΩ(u, v)/2. Since none of the intermediate pivots on Ωst are97

narrow, there is no change in direction as the ω-wedge passes through each pivot.98

Therefore the total change in direction for the ω-wedge is the sum of the changes99

induced by the traversed arcs, that is, DΩ(s, t)/2.100

Corollary 1. The sum of the angular measures of all arcs of Ω, is 2(2π −101 ∑
v∈S(ω−α(v)), where S is the set of all narrow vertices of P . In particular, if102

P has no strictly narrow vertices, then the sum of angular measures of the arcs103

of Ω is 4π. (See Appendix B for the proof.)104
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Fig. 3. Point x in the interior of an arc of Ω, wedge W (x) with its direction d(x), and
points x` and xr. (b) Narrow pivot u, wedges W`(u) and Wr(u), points u` and ur.
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Let x be a point on Ω; it corresponds to two minimal ω-wedges W`(x), Wr(x)105

(which coincide if x is not a narrow pivot). Consider the open ray of the right arm106

of W`(x). It starts in the interior of the region bounded by Ω, thus it intersects107

Ω at least once. Among the points of this intersection, let x` be the one closest108

to x. Define the point xr analogously for the left arm of Wr(x). See Figure 3a,b.109

Lemma 2. (a) Neither Ωx`x nor Ωxxr
contains a narrow pivot. (b) If x is a110

narrow pivot, then DΩ(x`, x) = DΩ(x, xr) = 2(π − ω). (c) If x is not narrow,111

then either DΩ(x, xr) = 2(π − ω), or xr is the first narrow pivot following x. A112

symmetric statement holds for x`.113

Proof. We prove items (a), (b), (c) for x and xr; a symmetric argument applies114

for x` and x in each case.115

(a). If Ωxxr
contained a narrow pivot u, then u had to lie inside the wedge116

W (x) (because it would be a vertex of P ). However, in that case the left arm of117

W (x) should have crossed Ω before xr, contradicting to the definition of xr.118

(b). By Lemma 1, DΩ(x, xr) is twice the angle between dr(x) and d`(xr).119

Thus we need to show that the latter is π−ω. By definition, xr lies on the line `120

through the left arm of the wedge Wr(x). Since x is narrow, ` passes through an121

edge of P . Now consider W`(xr), the leftmost minimal ω-wedge corresponding122

to xr. Its right arm is aligned with `, as this is the leftmost possible line through123

xr with P entirely to its left (see Figure 3b). Therefore the angle between the124

bisectors of Wr(x) and W`(xr) is π − ω, and DΩ(x, xr) is 2(π − ω).125

(c). Let x be not a narrow pivot. We suppose DΩ(x, xr) 6= 2(π−ω), and will126

show that xr is a narrow pivot of Ω. By the above observation that there can127

be no narrow pivots between x and xr, this will imply the claim. Suppose xr is128

not a narrow pivot. Then there is a vertex v of P , different from xr, where the129

left arm of W (x) touches P . Then the wedge W`(xr) must have its right arm130

aligned with `, which would mean DΩ(x, xr) = 2(π − ω), see the proof of item131

(a) above. A contradiction.132

Lemma 3. Let u be a pivot of Ω, and let v and w be the points on Ω such that133

DΩ(v, u) = DΩ(u,w) = 2(π − ω). Pivot u is a narrow pivot if and only if the134

supporting circles of all the arcs of Ωvw pass through u.135

Proof. Suppose first that u is a narrow pivot. By Lemma 2b the points v and w136

coincide with u` and ur, respectively (see Figure 4a). The minimal ω-wedge, as137

its apex traverses Ωu`ur , is always touching u. Indeed, when its apex is at u`, its138

left arm is aligned with the line through u and u`, and thus with the edge e` of P139

incident to u and preceding it in clockwise order. When the apex of the minimal140

ω-wedge reaches u, its direction is d`(u) and its right arm is touching e`. Thus141

every placement of the minimal ω-wedge in the considered interval was touching142

u by its left arm. Symmetrically, every minimal ω-wedge with the apex at any143

point between u and ur is touching u by its right arm. The claim is implied.144

Suppose that all the circles supporting the arcs between v and u are passing145

through u. If this portion consists of a single arc Γ , any minimal ω-wedge cor-146

responding to this arc must pass through both u and v, which means that they147
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Fig. 4. (a) Narrow pivot u, the points v = u` and w = ur, and the supporting circles
of all the arcs between them (bold brown lines). (b) Proof of Lemma 3, the case when
the portion of Ω between v and u is a single arc.

both are vertices of P , and thus narrow pivots. To see this, pick any point y on148

Γ , and any point z on the supporting circle of Γ outside Γ . See Figure 4b. The149

quadrilateral zvyu is inscribed in the circle, thus the sum of the angle at z and150

the one at y is π. The former angle is half the angular measure of Γ (the angle151

β in Figure 4b is half the angle α), i.e., it is π − ω. Therefore the angle at y is152

ω, i.e., the minimal ω-wedge with the apex y is going through u and v.153

If Ωvu contains more than two arcs, only one of these arcs is incident on154

u. Call this arc Γ and consider the arc Γ ′ preceding Γ with supporting circle155

C ′. Let u′ be the pivot between Γ and Γ ′. It is enough to show that pivot u′156

corresponds to the turn of the ω-wedge around u: indeed, this would imply that157

u coincides with a vertex of P , and thus it is a narrow pivot. Assume for the158

sake of contradiction that the above does not hold. Suppose first that the pivot159

u′ is not narrow. Observe that the wedge W (u′), cannot intersect arc Γ with its160

arms. Thus wedge W (u) touches four vertices of the polygon P , v1, v2, v3, v4, see161

Figure 7a in Appendix A. By construction, v1, v2, v3, v4 must be a subsequence162

of the sequence of vertices of the polygon P in clockwise order (the minimal ω-163

wedge is turning aroung the vertices v1, v3, when its apex is on the arc Γ ′, and164

when the apex is on the arc Γ , it is turning around vertices v2, v4). However, by165

the assumption of the lemma, both C and C ′ pass through u and u′, and thus166

points v1, v2, v3, v4 are not in convex position, contradicting to P being convex.167

Suppose now that the pivot u′ is narrow. The minimal ω-wedge as its apex168

traverses arc Γ ′ (resp., arc Γ ) turns around some vertex v1 of P and u′ (resp., u169

and some vertex v2). See Figure 7b in Appendix A. Then P should be entirely170

contained in the wedge formed by v1, u
′, v2. The point of intersection between171

the wedge W (u) and the supporting circle of the arc that follows Γ is outside172

that wedge (see the unfilled circle mark in Figure 7b). However, this point must173

be a vertex of P . A contradiction.174
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Recall that a pivot is hidden if its incident arcs have the same supporting175

circle. With Lemma 3 we can identify all narrow pivots on Ω that are not hidden,176

so we now turn our attention to the properties of hidden pivots.177

Lemma 4. Let u be a hidden pivot of Ω, let Γ` and Γr be the two arcs of Ω178

incident on u, and let v and w be the other endpoints of Γ` and Γr, respectively.179

Then v, u, and w are all narrow and the arcs Γ` and Γr each have angular180

measure 2(π − ω).181

Proof. Since u is a hidden pivot, Γ` and Γr are supported by the same circle C.182

Consider the minimal ω-wedge as its apex traverses Γ`. Its arms are touching two183

vertices of P , both lying on C. Since u is a hidden pivot, the vertex touched by184

the left arm of the wedge is u (otherwise, there would be no possibility to switch185

from Γ` to Γr at point u). Let a be the vertex of P touched by the right arm186

of the wedge. As soon as the apex of the wedge reaches u, the wedge becomes187

W`(u), and its right arm is passing through a and u. If polygon P had a vertex188

between a and u, that vertex must lie outside W`, which is impossible. Thus a is189

actually v. Therefore, DΩ(v, u) = DΩ(a, u), which by Lemma 2b equals 2(π−ω).190

A symmetric argument for u, v, and Γr completes the proof.191

Corollary 2. If all arcs of the ω-cloud of P have the same supporting circle C,192

then k = π/(π − ω) is an integer and P is a regular k-gon inscribed in C.193

Proof. Since all arcs of the ω-cloud Ω of P are supported by the circle C, all194

the pivots of Ω are hidden. Applying Lemma 4 to each pivot, we obtain that the195

pivots of Ω are exactly the vertices of P , and each arc has measure 2(π − ω).196

Therefore the number of vertices of P is 2π/(2(π−ω)), and the claim follows.197

Theorem 1. Given an angle ω, and a circular sequence of circular arcs Ω, there198

is at most one convex polygon P such that Ω is the ω-cloud of P .199

Proof. Suppose Ω is the ω-cloud of a convex polygon P . Lemmas 3 and 4200

uniquely identify the narrow pivots of Ω, which are the narrow vertices of P201

(including hidden narrow pivots). By Lemma 2a, the portion of Ω between any202

two narrow pivots has total angular measure at least 2(π − ω), and thus the203

components of P as defined by excluding all narrow vertices can be uniquely204

reconstructed by Lemma 2b. In particular, for each such component Lemma 2b205

gives the minimal ω-wedge W with the apex at some point x in that component.206

Let Γ be an arc that contains or is incident to x, and C be the supporting circle207

of Γ . Intersecting W with C gives the two vertices of P , that are tangent to the208

arms of the ω-wedge as its apex traverses Γ .209

3 Reconstructing P from its ω-cloud.210

In this section we let ω be an angle such that 0 < ω < π, and Ω be a circular211

sequence of circular arcs. Our goal is to reconstruct the convex polygon P for212

which Ω is the ω-cloud, or determine that no such polygon exists. As opposed213
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to the previous sections, here we consider arcs of Ω to be maximal portions214

of the same circle, that is, no two neighboring arcs can have same supporting215

circle. This model is natural for the reconstruction task, since as an input we are216

given a locus of the apexes of all the minimal ω-wedges without any additional217

information. This automatically gives us all the pivots that are not hidden pivots.218

Note that if Ω is a single maximal arc, i.e., it is a circle C, then P is not219

unique. By Corollary 2, it is the regular π/(π− ω)-gon inscribed in C; however,220

the position of its vertices on C is impossible to identify given only Ω and ω.221

Therefore we assume that Ω has at least two arcs.222

First, in Section 3.1, we consider the setting where ω is given. Afterwards, in223

Section 3.2, we consider the setting where the value of ω is not given.224

3.1 ω-aware reconstruction algorithm225

Here we assume that ω is given. The main difficulty in the reconstruction task is226

caused by strictly narrow vertices, as the turn of the minimal ω-wedge at those227

vertices is not reflected in the ω-cloud (see Corollary 1). In our reconstruction228

algorithm, we first find all the non-hidden strictly narrow pivots of Ω, and then229

treat the connected portions of Ω between those pivots separately. In Lemma 5230

we give a procedure to process such a portion of Ω.231

For two points u and v on Ω, Let Puv be the union of the edges and vertices232

of P touched by the arms of the minimal ω-wedge as its apex traverses Ωuv.233

Note that Puv consists of at most two connected portions of P ; it is possible234

that one of them is a single vertex.235

Lemma 5. Given a portion Ωuv of Ω that does not contain strictly narrow236

pivots, and the direction dr(u) of the rightmost minimal ω-wedge Wr(u) with the237

apex at point u, the portion Puv of P that corresponds to Ωuv can be reconstructed238

in time linear in the number of arcs in Ωuv. The procedure requires O(1) space.239

Proof. Let Γ be the arc of Ωuv incident to u, let u′ be the other endpoint of Γ ,240

and let C be the supporting circle of Γ . See Figure 5. By knowing the value of ω241

and the direction dr(u), we determine the wedgeWr(u). The intersection between242

the wedge Wr(u) and the circle C determines the two vertices of P touched by243

the minimal ω-wedge as its apex traverses arc Γ . In Figure 5, these two points244

are u and p. The direction of the leftmost minimal ω-wedge at u′, W`(u
′), is245

dr(u) + DΩ(u, u′)/2. If u′ is inside Ωuv, thus u′ is not a strictly narrow vertex,246

and therefore there is a unique minimal ω-wedge W (u′) at u′, W (u′) = W`(u
′).247

Thus, for each arc of Ωuv we find the pair of vertices of P that induces that arc.248

Moreover, by visiting the pivots of Ωuv in order, we find the vertices of each of249

the two chains of Puv ordered clockwise. To avoid double-reporting vertices of250

P , we keep the startpoints of the two chains, and whenever one chain reaches251

the startpoint of the other one, we stop reporting the points of the former chain.252

This procedure visits the pivots of Ωuv one by one, and performs O(1) op-253

erations at each pivot, namely, finding the intersection between a given wedge254

and a given circle. No additional information needs to be stored.255
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u
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dr(u)

Wr(u)

p

Fig. 5. Illustration for the proof of Lemma 5

Reconstruction algorithm. As an input, we are given an angle ω, 0 < ω < π,256

and a circular sequence of circular arcs Ω which is not a single circle. We now257

describe an algorithm to check if Ω is the ω-cloud of some convex polygon P ,258

and to return P if this is the case. It consists of two passes through Ω, which are259

detailed below. During the first pass we compute a list S of all strictly narrow260

vertices of P that are not hidden pivots. With each such vertex u, we store the261

supporting lines of the two edges of P incident on u. In the second pass we use262

this list to reconstruct P .263

First pass. We iterate through the pivots of Ω (since we consider the maximal264

arcs of Ω, the pivots we are iterating through are not hidden). For the currently265

processed pivot u, we maintain the point v on Ω such that DΩ(v, u) = 2(π−ω).266

If pivot u is narrow, we jump to the point on Ω at the distance 2(π − ω) from267

u. Moreover, if u is strictly narrow, we add u to the list S. If u is not narrow,268

we process the next pivot of Ω. We now give the details.269

Let Γ be the arc of Ω incident to u and following it in clockwise direction.270

Let Γr be the arc following Γ , and Cr be the supporting circle of Γr. We consider271

several cases depending on the angular measure |Γ | of Γ :272

(a) |Γ | < 2(π − ω). See Figure 6.273

(i) If Cr passes through u, (see Figure 6a), by tracing Ω, find the point w274

on it such that DΩ(u,w) = 2(π − ω). Add u to the list S with the lines275

through vu and uw, in case u is strictly narrow (i.e., ∠vuw < ω). Set v276

to be u, and u to be w (regardless the later condition).277

(ii) If Cr does not pass through u (see Figure 6b), we set u to be the other278

endpoint of Γ , and update v accordingly.279

(b) |Γ | = 2(π − ω). Let w be the other endpoint of Γ . Update S, v, and u as in280

item a(i).281

(c) |Γ | = 2t(π − ω) for some integer t > 1. Let p be the other endpoint of282

Γ . Let w and w′ be the points on Γ such that DΩ(u,w) = 2(π − ω) and283

DΩ(w′, p) = 2(π − ω). Update S, v, and u as in item a(i).284

(d) Otherwise, stop and report that Ω is not an ω-cloud of any polygon.285
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u

Γ
Γr

v
w

(a)

u
Γ

v

Γr

(b)

Fig. 6. First pass of the ω-aware algorithm: (a) u is a strictly narrow pivot; (b) u is
not a narrow pivot.

Second pass. In case the list S is empty, we simply apply the procedure of286

Lemma 5 to the whole Ω. In particular, as both the start and the endpoint, we287

take the point x with which we completed the first pass of the algorithm; the288

point x′ such that DΩ(x′, x) = 2(π − ω) is already known from the first pass.289

Then dr(x) = d(x) is the direction of the minimal ω-wedge with the apex at x290

and the right arm passing through x′.291

Suppose now the list S contains k vertices. They subdivideΩ into k connected292

portions that are free from strictly narrow non-hidden pivots. Each portion is293

treated as follows:294

– If it is a single maximal arc of measure 2t(π − ω), we simply separate it295

by t− 1 equidistant points, and those points are exactly the vertices of the296

portion of P corresponding to the considered component of Ω.297

– Otherwise it is a portion free from any strictly narrow pivots. We process298

this portion by the procedure of Lemma 5.299

Note that before starting the first pass, the algorithm has to find the starting300

positions v and u, for which we choose the one of v and traverse Ω until the301

corresponding position of u (i.e., DΩ(v, u) = 2(π−ω)). In order for this prepara-302

tory step, together with the first pass of the algorithm, perform exactly one pass303

through Ω, the pointer u has to stop at the initial position of v, instead of the304

initial position of u. However, this is still enough for creating the complete list305

S. Indeed, by Lemma 2b, there is at most one narrow pivot between v and u.306

There is no such narrow pivot if and only if the left arm of the minimal ω-wedge307

Wr(v) and the right arm of W`(u) coincide, and in this case there is nothing to308

add to S. If there is such a narrow pivot w, then both u and v are not narrow.309

By Lemma 2c, both the left arm of the wedge W (v) and the right arm of W (u)310

pass through w. Thus w can be found as their intersection.311

Correctness of the described algorithm is due to Lemmas 3,4,2. The storage312

required by the algorithm is the storage required for the list S, i.e., it is O(k).313
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Observe that by Lemma 2, for any pair u, v of narrow pivots of Ω, DΩ(u, v) ≥314

2(π − ω). By Corollary 1 the total angular measure of the arcs of Ω is at most315

4π. Thus the number of narrow pivots of Ω is at most b2π/(π − ω)c, which is a316

constant if ω is fixed. We conclude. (For the proof of Thm. 2 see Appendix C.)317

Theorem 2. Given an angle ω such that 0 < ω < π, and a circular sequence of318

circular arcs Ω which is not a single circle, there is an algorithm to check if Ω319

is the ω-cloud of some n-vertex convex polygon P , and to return P if this is the320

case. The algorithm works in O(n) time, making two passes through the input,321

and it requires O(k) storage, where k is the number of strictly narrow vertices of322

P . In particular, the required storage is constant for any fixed value of ω.323

3.2 ω-oblivious reconstruction algorithm324

In this section we assume ω < π/2. Thus there are no hidden pivots in Ω.325

Lemma 6. Let Ω be the ω-cloud of a polygon P , such that 0 < ω < π/2. Each326

vertex v of P lies on at least two distinct supporting circles of arcs of Ω.327

Proof. If v is a narrow vertex is it also a pivot of Ω. Since ω < π/2, v cannot be a328

hidden pivot, therefore is is incident to the two arcs with two distinct supporting329

circles. The statement follows. Assume now v is not a narrow vertex.330

Observe that each edge of P appears on an arm of exactly two minimal331

ω-wedges of P , and both these ω-wedges correspond to pivots of Ω. Suppose332

for the sake of contradiction that there is a vertex v of P that lies on exactly333

one supporting circle C of an arc of Ω. Let e be one of the two edges of P334

incident to v. Consider the two minimal ω-wedges corresponding to e. For each335

of them, one of the two arcs of Ω incident to their apex has v on its supporting336

circle. By our assumption, these two supporting circles coincide and equal C.337

Consequently the two apexes ui, uj of the ω-wedges lie on C. Since v is not a338

narrow vertex, ui, uj , v are three distinct points. These three points lie on one339

line (the supporting line of e), so it is impossible for all of them to lie on C. We340

obtain a contradiction.341

Theorem 3. Given a circular sequence of circular arcs Ω, there is an algorithm342

that finds the convex polygon P such that Ω is the ω-cloud of P for some angle343

ω with 0 < ω < π/2, if such a polygon exists. Otherwise, it reports that such a344

polygon does not exist.345

(i) If no additional information is given, the algorithm works in O(n3) time and346

O(n2) space.347

(ii) If in addition a vertex v of P is given, and it is guaranteed that each sup-348

porting circle of an arc of Ω passes through exactly two vertices of P , the349

algorithm works in O(n2) time and O(n2) space.350

Proof. In both cases, we first construct the arrangement A of all the supporting351

circles of the arcs of Ω. This can be done in O(n2) time and O(n2) space.352
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(i). For each pair of vertices u, v of A that are incident to the same circle, we353

do the following. Construct a wedge W passing through u and v, such that the354

apex of W lies in the interior of an arc Γ of Ω supported by C, and the angle355

ω at the apex w of W is less than π/2. Note that such an arc Γ is unique. Run356

the algorithm of Theorem 2 for Ω, angle ω, and the direction d(w) of W .357

We process O(n2) pairs of vertices in total, processing one pair takes O(n)358

time, thus the total time spent on the reconstruction of P is O(n3).359

(ii). If v is not a vertex of A, we stop the procedure returning a negative360

answer. Otherwise we choose a circle C containing v. For each vertex u of A361

such that u ∈ C, u 6= v, we repeat the above procedure.362

By our assumption, every supporting circle of A incident to v is incident to363

only one other vertex of P . Thus it is not possible that the minimal ω-wedge364

corresponding to Γ does not pass through v. Therefore, it is enough to just365

consider one circle C incident to v. Since there are O(n) distinct vertices u of A366

on the circle C, the time required for the algorithm is O(n2).367
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Fig. 7. Illustration for the proof of Lemma 3

Appendix394

A Illustration for the proof of Lemma 3395

B Proof of Corollary 1396

Proof. Choose a point x in the interior of an arc of Ω and consider the change397

in the direction of the minimal ω-wedge as its apex traverses the whole Ω and398

returns back to x. Since the minimal ω-wedge at x is unique, the total angle the399

direction has turned is 2π. The narrow pivots break Ω in a number of connected400

components, for which Lemma 1 applies. The total angular measure of the arcs401

of Ω is the sum of angular measures of these components. In a narrow pivot u,402

the minimal ω-wedge turns from the position when its left arm coincides with the403

left edge incident to u, to the position when its right arm coincides with the right404

edge incident to u. See Figure 2a. Thus the angle the direction of the minimum405

ω-wedge turned, while its apex has stayed in u, equals ω − α(u). Summing up406

such deficit for all narrow pivots, we obtain that the total turn of the ω-wedge407

corresponding to the arcs of Ω is 2π −
∑
v∈S(ω − α(v)). Lemma 1 as applied to408

the components of Ω as separated by the narrow pivots, implies that the total409

angular measure of all arcs of Ω equals 2(2π −
∑
v∈S(ω − α(v)).410

C Proof of Theorem 2411

Proof. Consider the first pass of the algorithm. Cases a(i), b, and c are exactly412

the cases where u is a narrow pivot, see Lemmas 3 and 4. The case d correspond413

to an impossible situation: if |Γ | > 2(π − ω), then there is no ω-wedge with the414

apex on Γ whose both arms intersect the supporting circle of Γ outside Γ . In415

case a(i), we update u to be w, thus we are not processing the pivots between416

u and w; Lemma 2 guarantees we do not miss any narrow pivot. Correctness of417

the second pass is implied by Lemmas 4 and 2a.418
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Each pivot of Ω is visited exactly once during the first pass (it is either419

checked as the pivot u, traversed in the case a(i), or skipped in the case c).The420

second pass as well visits each pivot once. The time spent during each such visit421

is O(1). The storage required by the algorithm is the storage required for the422

list S, i.e., it is O(k).423


