COMP 2804 — Solutions Assignment 4

Question 1: On the first page of your assignment, write your name and student number.

Solution:
e Name: Lionel Messi
e Student number: 10

Question 2: As of this writing!, Ma Long is the number 1 ranked ping pong player in the
world. Simon Bose? also plays ping pong, but he is not at Ma’s level yet. If you play a game
of ping pong against Ma, then you win with probability p. If you play a game against Simon,
you win with probability q. Here, p and ¢ are real numbers such that 0 < p < ¢ < 1. (Of
course, p is much smaller than ¢.) If you play several games against Ma and Simon, then
the results are mutually independent.

You have the choice between the following two series of games:

1. MSM: First, play against Ma, then against Simon, then against Ma.
2. SMS: First, play against Simon, then against Ma, then against Simon.
For each s € {MSM, SMS'}, define the event
As = “you play series s and beat Ma at least once and beat Simon at least once”
and the random variable
X = the number of games you win when playing series s.

e Determine Pr (Apsy) and Pr(Agys). Which of these two probabilities is larger?

Before you answer this question, spend a few seconds on guessing which one is larger.

e Determine E (X y5y) and E (Xgps). Which of these two expected values is larger?

Before you answer this question, spend a few seconds on guessing which one is larger.

Solution: I am going to write W, if you win a game against Ma and L), if you lose against
Ma. Similarly, I will write Wg and Lg.
The event A sy is equivalent to the following results:

WMWSWM or WMWSLM or LMWSWM
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Since these three possible results are pairwise disjoint, and using that the results are inde-
pendent of each other, we get

Pr(Aysy) = Pr(WyWsWy or Wy WLy or LyWsWay)
= Pr(WyWsWa) + Pr (WyWsLay) + Pr(LyWsWiy)
= pgp+pg(l —p)+ (1 —p)ep
= pq(2—p).

By a symmetric argument, we get
Pr (Asus) = pg(2 — q).
Since p < ¢, we have 2 — g < 2 — p, implying that
Pr(Asus) = pg(2 —q) <pq(2 —p) = Pr(Aysu) -

At first sight, this is surprising, because it shows that the series MSM is a better choice for
you than SMS. Think about it this way: Your goal is to beat both Ma and Simon at least
once. It is easy to beat Simon and it is very hard to beat Ma. In the series MSM, you have
two chances of beating Ma, whereas in the series SMS, you have only one chance to beat
him. Having two chances to win at least once is better than having only one chance.

Next we determine E (X s17): The possible values for this random variable are 0, 1,2, 3.

1. Xpyesy = 0: This is equivalent to Ly, LgLys, which happens with probability
1-p)(1—a)(1—p)=(1-p°(1—q.
2. Xysy = 1: This is equivalent to
WharLsLys or LyyWeLy or Ly LsWhy,
which happens with probability
Pl =q)(L=p)+ (L =pla(l —p)+ (1 -p)L—q)p=2p(L —p)(L —q) + (1 -p)°q.
3. Xysy = 2: This is equivalent to
WaWes Ly or Wiy LsWhyy or Ly WesWy,
which happens with probability
pa(l —p) +p(l —@)p+ (1 = p)ap = 2p(1 = p)g + p*(1 — q).
4. Xpysy = 3: This is equivalent to Wy, WsW,,, which happens with probability
ppq = p’q.
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This gives us

E(XMSM) = 0 'PI"(XMSM = 0) + 1- PI"(XMSM = 1) —|—2PF(XMSM = 2) —|—3 'PI(XMSM = 3)
= 1-2p1—p)(1—q)+ (1 —p)%q) +2- (2p(1 = p)g+p*(1 —q)) +3- (p’q)
= (do a boring calculation)
= 2p+gq.

By a symmetric argument, we get
E (Xsus) = 2q + p.

Here is an easier way to determine E (X s55/): Define indicator random variables X7, X5, X3,
where

1 if you win the i-th game,
X; = .
0 otherwise.

Then

and
E(X;) =Pr(Xs=1)=Pr(Wy) =p.
Since XMSM = X1 -+ X2 -+ Xg, we get

E(Xuysu) = E(Xi+ Xo+ X3)
= E(X1) +E(X2) + E(X3)
= pta+p
= 2p—+gq.

Which of the two expected values is larger: Since p < ¢, we have
E(Xusu) =2p+q=p+p+q<p+q+q=2¢0+p=E(Xgus).

Question 3: Consider the 8-element set A = {a,b,c,d,e, f,g,h}. We choose a 5-element
subset B of A uniformly at random. Define the following random variables:

X = |Bn{a,b,c,d},
Y = |Bn{e, f,g,h}

e Determine the expected value E(X) of the random variable X. Show your work.

e Are X and Y independent random variables? Justify your answer.

Solution: The possible values for the random variable X are 1,2, 3,4.
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1. X = 1: This happens if exactly one element of B belongs to {a,b,c,d} and the other
four elements of B belong to {e, f, g, h}. The probability of this happening is equal to

4y (4
() ()
.
(5)
2. X = 2: This happens if exactly two elements of B belong to {a,b, c,d} and the other
three elements of B belong to {e, f,g,h}. The probability of this happening is equal

to “
() ()
-
()
3. X = 3: This happens if exactly three elements of B belong to {a, b, ¢, d} and the other
two elements of B belong to {e, f, g, h}. The probability of this happening is equal to

(5)

4. X = 4: This happens if exactly four elements of B belong to {a,b,c,d} and the other
element of B belongs to {e, f, g, h}. The probability of this happening is equal to

()
(5)
This gives us
E(X) = 1-Pr(X=1)42-Pr(X=2)+3-Pr(X =3)+4-Pr(X =4)

(plug in the values and do a boring calculation)

— 5/2.

Here is an easier way to determine E(X): Define indicator random variables X,, X3, X., Xg4,

where
1 ifa € B,
Xa = { 0 otherwise.

The variables X;, X., and X, are defined similarly. Then

E (X,) = Pr(a € B) = G _ 5/8.

8
()
By the same arguments,
E(X,) =E(X.) =E(Xy) =5/8.



Since X = X, + X, + X. + X, we get

E(X) = E(X,+ Xp+ X+ Xy)
= E(X,) +E(X,) +E(X,)+E(Xy)
= 5/845/8+5/8+5/8
= 5/2.
Are the random variables X and Y independent? Note that X +Y = 5, no matter which

subset B is chosen. In other words, if we know the value of X, then we also know the value
of Y. For example, X and Y cannot both be equal to 1:

Pr(X=1andY =1) =0,

whereas

Pr(le)-Pr(Yzl):i-i%O.

8 8
) G
It follows that the random variables X and Y are not independent.

Question 4: You roll a fair die repeatedly and independently until the result is an even
number. Define the random variables

X = the number of times you roll the die

and
Y = the result of the last roll.

For example, if the results of the rolls are 5,1,3,3,5,2, then X =6 and Y = 2.
Prove that the random variables X and Y are independent.

Solution: The possible values for X are 1,2, 3,4, ... and the possible values for Y are 2, 4, 6.
Let £ > 1 be an integer. To prove that X and Y are independent, we have to show that

Pr(X =kAY =2)=Pr(X =k)-Pr(Y =2),

Pr( X =kANY =4)=Pr(X =k) -Pr(Y =4),

and
Pr( X =kAY =6)=Pr(X =k) Pr(Y =6).

I will show this for Y = 4; the other two equalities can be handled in exactly the same way.

1. What is Pr(Y = 4)? The last roll results in one of 2, 4, and 6. Therefore,

Pr(Y =4) =1/3.



2. What is Pr(X = k)? This happens if the rolls give the sequence

odd, odd, . .. ,odcl, even.

k — 1 times

Since the result is odd with probability 1/2, and even with probability 1/2, and since
the rolls are independent, we get

Pr(X = k) = (1/2)".

3. What is Pr(X =k AY = 4)? This happens if the rolls give the sequence

Qdd, odd,... ,odol, 4.

k — 1 times

Since the result is odd with probability 1/2, and 4 with probability 1/6, and since the
rolls are independent, we get

Pr(X =kAY =4)=(1/2)1.1/6 = (1/2)F - 1/3.

4. We conclude that

Pr(X =kAY =4) =Pr(X = k) - Pr(Y =4).

Question 5: Elisa Kazan is having a party at her home. Elisa has a round table that has
52 seats numbered 0,1, 2,...,51 in clockwise order. Elisa invites 51 friends, so that the total
number of people at the party is 52. Of these 52 people, 15 drink cider, whereas the other
37 drink beer.

In this exercise, you will prove the following claim: No matter how the 52 people sit at
the table, there is always a consecutive group of 7 people such that at least 3 of them drink
cider.

Note that this claim does not have anything to do with probability. In the rest of this
exercise, you will use random variables to prove this claim.

From now on, we consider an arbitrary (which is not random) arrangement of the 52
people sitting at the table.

e Let k be a uniformly random element of the set {0,1,2,...,51}. Consider the consec-
utive group of 7 people that sit in seats k,k+ 1,k + 2,..., k + 6; these seat numbers
are to be read modulo 52. Define the random variable X to be the number of people
in this group that drink cider. Prove that E(X) > 2.

Hint: Number the 15 cider drinkers arbitrarily as Py, Ps,..., Pi5. For each ¢ with
1 <1 < 15, define the indicator random variable

1 if P, sits in one of the seats k., k + 1,k +2,...,k + 6,
X; = :
0 otherwise.



e For the given arrangement of the 52 people sitting at the table, prove that there is a
consecutive group of 7 people such that at least 3 of them drink cider.

Hint: Assume the claim is false. What is an upper bound on E(X)?

Solution: First note that s
X=> X
i=1
Let us consider P; and let m be P;’s seat number. Then X; = 1 if and only if & € {m —
6,m —5,...,m} (seat numbers are to be read modulo 52). Thus, there are 7 choices for k
for which X; = 1. It follows that
E(X;)=Pr(X;,=1)="7/52.

This gives

E(X) = E(iXi)
= Z]E(Xi)

15
= > 7/52
i=1
= 15-7/52
= 2+1/52
> 2.

Now for the second part: Assume the claim is false. Then, no matter which value of k
we choose, the value of the random variable X is at most 2. But then, E(X) < 2, which
contradicts the first part of the question.

Question 6: Let n > 2 be an integer. Consider the following random process that divides
the integers 1,2,...,n into two sorted lists L; and Ls:

1. Initialize both L; and Ly to be empty.

2. For each i =1,2,... n, flip a fair coin. If the coin comes up heads, then add ¢ at the
end of list L;. Otherwise, add ¢ at the end of the list Ly. (All coin flips made during
this process are mutually independent.)

We now run algorithm MERGE(L1, Ly) of Section 4.5 in the textbook. Define the random
variable X to be the total number of comparisons made when running this algorithm: As in
Section 4.5.2, X counts the number of times the line “if z < y” in algorithm MERGE(L1, L»)
is executed. In this exercise, you will determine the expected value E(X) of the random
variable X.



e Prove that E(X) = 1/2 for the case when n = 2.
e Prove that E(X) = 5/4 for the case when n = 3.

e Assume that n > 2. For each ¢ and 7 with 1 < i < j < n, define the indicator random
variable

Y. 1 if 7 and j are compared,
Y1 0 otherwise.
Prove that E (X;;) = (1/2)7".

Hint: Assume that ¢ and j are compared. Can ¢ and j be in the same list? What
about the elements i,7 + 1,...,7 — 1 and the element j7

e Determine E(X).
Hint: 1+ax+22+28 4+ +2F = 1 _gh+1

1—x °

Solution: We start with the case when n = 2. We go through all 4 possibilities for the lists
L and Ls:

1. Ly = (1,2) and L, is empty:
(a) In this case, X = 0.
(b) This case happens with probability 1/4.
2. Ly is empty and Ly = (1,2):
(a) In this case, X = 0.
(b) This case happens with probability 1/4.
(a) In this case, X = 1.
(b) This case happens with probability 1/4.
(a) In this case, X = 1.
(b) This case happens with probability 1/4.

From this, we get
E(X) = 0-Pr(X=0)+1-Pr(X=1)
= 0+1(1/4+1/4)
= 1/2.

Next we do the case when n = 3. We go through all 8 possibilities for the lists L; and
Lgi



1. Ly = (1,2,3) and Ly is empty:

(a) In this case, X = 0.
(b) This case happens with probability 1/8.

2. L1 =(1,2) and Ly = (3):

(a) In this case, X = 2.
(b) This case happens with probability 1/8.

3. Ll = (1,3) and L2 = (2)

(a) In this case, X = 2.
(b) This case happens with probability 1/8.

4. L1 = (2,3) and L2 = (1)

(a) In this case, X = 1.
(b) This case happens with probability 1/8.

5. Ly = (1) and Ly = (2,3):

(a) In this case, X = 1.
(b) This case happens with probability 1/8.

6. Ll = (2) and L2 = (1,3)

(a) In this case, X = 2.
(b) This case happens with probability 1/8.

7. L1 = (3) and L2 = (1,2)

(a) In this case, X = 2.
(b) This case happens with probability 1/8.

8. Ly is empty and Ly = (1,2,3):

(a) In this case, X = 0.
(b) This case happens with probability 1/8.

From this, we get

E(X) = 0-Pr(X=0)+1-Pr(X=1)+2-Pr(X =2)
= 04+1(1/8+1/8)+2(1/8+1/8+1/8+1/8)
= 5/4

For the next part of the question, the main observation is the following:
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Claim 1 X;; =1 if and only if
1. 4,1+ 1,...,9—1 are all in Ly and j is in Lo, or

2. 0,04+ 1,...,5—1 are all in Ly and j is in L.

Proof. Assume that X;; = 1. Then ¢ and j are compared and, therefore, they must be in
different lists. We may assume that ¢ is in L; and j is in Ly. We proceed by contradiction.
We assume that k is such that 1 +1 < k < j —1 and k is in L,. At the moment when £ is
removed from Ly,

e ¢ has already been removed from L; and
e 7 is still in Ls.

Therefore, ¢ and j are never compared. This is a contradiction.
To prove the converse, assume that 7,7+ 1,...,7 — 1 are all in L; and 7 is in Lo. At the
moment when ¢ is removed from L,

e ¢ has just been compared to the first element in Lo,
e the result of this comparison was that 7 is the smaller of the two,
e jisstill in Ls.

Therefore, the first element in Ly can only be j. Thus, ¢ and j are compared and X;; = 1.
|

Allof2,i+1,...,7—1 arein Ly and j is in Ls is the same as all coin flips for 7,141, ...,j—1
come up heads, and the coin flip for j comes up tails; this happens with probability (1/2)7 =1
Therefore,

E(X;)=Pr(X;=1) =2-(1/2)" = (1/2)".

Since .
n— n
X=2 2 X
i=1 j=i+1
we get



1 n—1
= n—-2+4(= .
n + (2)

You may check that for n = 2 and n = 3, this is the same answer as we got above.

Question 7: By flipping a fair coin repeatedly and independently, we obtain a sequence of
H’s and T’s. We stop flipping the coin as soon as the sequence contains either HH or TT.
Define the random variable X to be the number of times that we flip the coin. For example,
if the sequence of coin flips is HTHT'T, then X = 5.

e Let k> 2 be an integer. Determine Pr(X = k).
Solution: We have X = k if and only if the coin flips result in
---HTHTHT HH
—_—
k — 2 flips

or

- THTHTHTT.
—_—
k — 2 flips

Since the coin flips are independent, we get

Pr(X =k)=2-(1/2)".
e Determine the expected value E(X) of X using the formula

E(X) =) k- Pr(X =k).
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Hint: In class, we have seen that for 0 <z <1, > 7, kat = (1—zx)2'

Solution: The possible values for X are 2,3,4,.... This gives

E(X) = ik-Pr(X:k)
— i%-(m)’f
= 2 3 k- (1/2)F
k=2
= 2<Zk-(1/2)k—1/2>
AR
= 2 12)
= 3.

e Determine Pr(X > 1).

Solution: We flip the coin at least twice. Thus, no matter what the coin flips are, we
have X > 2. It follows that
Pr( X >1)=1.

e Let k> 2 be an integer. Determine Pr(X > k).
Solution: We have X > k if and only if the coin flips result in

HTHTHT ---
—_—
k — 1 flips

or
ITHTHTH ---.
—_—

k — 1 flips

Since the coin flips are independent, we get

Pr(X >k)=2-(1/2)" = (1/2)"2
e According to Exercise 6.11 in the textbook, we have
E(X) =) Pr(X >k).
k=1
Use this formula to determine the expected value E(X) of X.
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Solution:

E(X) = Pr(X>1)+ iPr(X > k)

k=2

= 1+i(1/2)’“2

= 14+(14+1/2+1/4+1/8+1/16+---

= 142
3.

This is the same answer as we got before!
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