Midterm COMP 2804

February 27, 2019

All questions must be answered on the scantron sheet.

Write your name and student number on the scantron sheet.

You do not have to hand in this examination paper.

Calculators are allowed.

Marking scheme: Each of the 17 questions is worth 1 mark.

o () = o
e Newton: (z+y)"=> 1, (Z) gk

e The Fibonacci numbers are defined as follows: fo =0, fi = 1, and f,, = f,_1 + fao
for n > 2.



. Consider bitstrings of length 13. The positions in these strings are numbered as 1,2, 3, ..., 13.
How many such bitstrings have the property that all bits at the odd positions are equal?

. Consider permutations of the set {a,b,c,d,e, f,g} that do not contain bge (in this order).
How many such permutations are there?

(a) 7! — 6!
(b) 7! — 5!
(c) 71 —4!
(d) 7! —3!

. Consider strings of length 15, where each character is a lowercase letter or an uppercase letter.
How many such strings contain at least one lowercase letter and at least one uppercase letter?

) 5
b) 5215 — 2. 2615
(c) 521 — 3 .26
(d) None of the above

(a 215 615
(

. Let n > 8 be an even integer and let k£ be an integer with 2 < k < n/2. Consider k-element
subsets of the set S = {1,2,...,n}. How many such subsets contain at least two even

numbers?



. In a group of 100 students,
e 37 students like beer,
e 18 students like cider,
e 55 students do not like beer and do not like cider.

How many students like beer and cider?

(a) 8
(b) 9
(c) 10
(d) 11

. Let n > 1 be an integer. A group of n students write an exam. Each student receives a
grade, which is an element of the set {A, B, C, D, F'}.

What is the minimum value for n, such that there must be at least four students who receive
the same grade?

(a) 14
(b) 15
(c) 16
(d) 17

. Consider 17-element subsets of the set {1,2,3,...,45}.

How many such subsets have the property that the largest element in the subset is equal to
307



8.

9.

10.

Let n > 4 be an integer. What does
n n 3
3 <3) T 6n (2) n

(a) The number of ways to choose an ordered triple

count?

(beer bottle, cider bottle, wine bottle)

in a set consisting of n beer bottles, n cider bottles, and n wine bottles.

(b) The number of ways to choose a 3-element subset of a set consisting of n beer bottles,
n cider bottles, and n wine bottles.

(c) The number of ways to choose 3 elements (with repetitions allowed) in a set consisting
of n beer bottles, n cider bottles, and n wine bottles.

(d) None of the above.

Let n > 4 be an even integer and let k be an integer with 1 < k < n/2. Consider strings
consisting of n characters, such that

e cach character is an element of {a, b, c},
e the number of a’s is equal to k, and
e cach a is at an even position.

How many such strings are there?

@) () 2
(b) () -2
(c) (1) 2"
(d) (;) -2

A bitstring is called 00-free, if it does not contain two 0’s next to each other. In class, we
have seen that for any m > 1, the number of 00-free bitstrings of length m is equal to the
(m + 2)-th Fibonacci number f,, 2.
What is the number of 00-free bitstrings of length 77 that have 0 at position 59. (The
positions are numbered 1,2,...,77.)

) fir - for
b) fis - fss
(¢) fio - fso
(d) fao - foo



11.

12.

13.

The function f : N — N is recursively defined as follows:

f(0) =6,
f(n) = 4-fln—1)4+2" ifn>1

Which of the following is true for all integers n > 07

(a) f(n) =6-4"—2"
(b) f(n)=T7-4"=2"
(c) f(n )—8 4r — ot
(d) None of the above

Consider strings of characters, where each character is an element of the set {a,b,c}. Such
a string is called awesome, if it does not contain aa, and does not contain aba, and does not
contain abb.

For any integer n > 1, let A,, be the number of awesome strings of length n.

Which of the following is true for any integer n > 47

(a) Ay =A,1+2- A, o+2-A,_3.
(
A =2 An 1+An 2+2 An3

(c
(d) A, =2- A, 1+ A, 2+ A, 3.

We consider binary 2 X n matrices, i.e., matrices with 2 rows and n columns, in which each
entry is 0 or 1. A column in such a matrix is called a i-column, if both bits in the column
are 1.

For any integer n > 1 and integer k with 0 < k < n, let M(n, k) be the number of binary
2 X n matrices

e that do not contain any i-column and
e contain exactly £ many 1’s.
Which of the following is true for all integers n > 2 and k with 1 < k <n — 17

nk)=Mmn—1,k)+Mn—1,k—1)
nk)=Mmn—-1,k+2-Mn—-1k—1)
n,k)=M(n,k—1)+Mn—-1,k—1)
n,k)=M(mn,k—1)+2-Mn—-1,k—1)



14. Consider the recursive algorithm HELLOWORLD, which takes as input an integer n > 0:

Algorithm HELLOWORLD(n):
ifn=0orn=1
then print Hello World
else if n is a multiple of 3
then HELLOWORLD(n/3);
print Hello World;
HELLOWORLD(2n/3)
else HELLOWORLD(n + 1)
endif;
endif

Which of the following is correct?

(a) For any integer n > 0, algorithm HELLOWORLD(n) terminates.

b) There exists an integer n > 0, for which algorithm HELLOWORLD(n) does not termi-
g g
nate.

(c) All of the above.
(d) None of the above.



15. The Carleton Computer Science Society (CCSS) is organizing their annual Saint Patrick’s
Day party. The CCSS has bought three types of drinks:

e Porterhouse Brewing Co. Oyster Stout.
e Guinness Extra Stout.
e Magners Original Irish Cider.

There is an unlimited supply for each of these types.
There are 75 students at the party, and each of them gets one drink, which is chosen uniformly

at random from these three types.
Let A be the event

A = “exactly 50 students get Magners Original Irish Cider”.

What is Pr(A)?

75 .225
(a) (5%)75
375
.925

@
(o) )
@ G

375

16. Consider a standard 6-sided fair die. We roll this die 8 times. Let A be the event

A = “there are at least two 5’s in the sequence of 8 rolls”.

What is Pr(A)?

(a) 1— %

(b) 1- 58_?2.57
(¢) 1— 53
(d) 1— 8522-70



17. This midterm has 17 questions. For each question, four options are given, exactly one of
which is correct.
Assume that you answer each question, by choosing one of the four options uniformly at
random.
Let A be the event

A = “you answer at least 16 questions correctly”.

What is Pr(A)?

(a) %5
(b) &
() a7
(d) i






10



