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Relotiens (?r@ﬂies Ccnhhﬂ@d) .

Lost class we saw relohiens were Sermed by a subset
of the Caortesion q?roo\uc‘\‘ A*® of o sets (or by
Q. set enfo fsels ) in whielh case we call the relabien a

relahen  on A

Fer reletions en a set ye defined the ;c\lcwcnﬁ Prepertiés

L reSlexive ¢ _i‘; (Q,Q\f: R Fer everq aé .A-
2.9y mmetvic ¢ K (b,cﬁ & K whenpsver (aﬁ)\é'\z Jeroll abed,

5 ontisymmetric ¢ 15 (AR and (ba)eR tren azb.

!

e  row consider one mere fprcpe:-h.) of a relehen on a set.
Transitivty
A telaen Roen a set A is drngtive 1F
((abV R and (5ER) = (gR\eR . Sor allabileh
?,_._)‘3 on 7L
R-3 (ab]ashh
R,-# (ab) | A>bs ore all transitive
Rs’g (a,b\ la=sz | /
Ry= 2 (qlb\ \Q =b or Q:-b%

fer exemple R is Yransibive since  if (Q,b\éﬁ. then a¢b ., If
(Ve R, 4hen bc tus a<c so (ad)eR,




—Tbﬁ Relchions, ”

Re=5(ab) | azb+1y

Re=%(ab) |a+b <38

For example (a.m G:KS and (l‘O\éRg, but @.O\éks-
(2 eRr, ad (12 eR,, bur (28) Ry,

> are _Y_\_O_'}' transihive

Is the “o\ivio\es“ relatien ‘\Tahsi'kve?
Suppese A divides b andl b divides g, ther

b= O,oK) and C = b-Q. Sor \‘(\‘\eaers K,Q.

bzaelk i
- C=O‘uh'ﬁ\ So a divdes €.
C -b.L :
an\mescr.

Thus the @ivides relahien is dransitive.

Conn\bim’m\ "Re\chens

e}
Kelohiens are sels o they can be comloined  just like

Sets con be  comboimed.

Ex: Let A=§123% and B2f123435

The relahens R\ :g (lln) (ng\' 63;5325 and
Ro=d§ (1), (12 (1), (1R Frem Ado B con

be combined as Fellws:
RUR, = 8 (D, (12)(13), (%) (D) 2\
RORy = 3 (1N
R \R, (R-% = £62) (32
p-R, (Ra\R= ] (\,?\(\,3\,0,@75.




E/l(: Le%?\sg(q‘b\l a< b% and ’Ra:é(a,),\l q>b§ e @
AeSired on the set of reals (R\

relahons
?\URR=§Co«lb\\0<b'of Q7b§
F(oh) | a%b}
KO Ry ECa.b\ ( o< b and arb% = &
—Rl ~ g = | ZS since the relakons include NG
cemmon  elements.
Ra R\ = Ra

ke dunchens, So 't makes

Remember Yrot relaliens are mudh
too

sonse o Jalk cbout Thier cempositien
Lot R be a eldhen Srom set A Yo setBo ldt S be a

relahen Srem seb B +o set Co The composite of R
and S 1S Yhe relehion Consisﬁms or ordered pairs ( Q,c\
where aep ceC and there exists an olement DEB such
Yoot (Q}?\E‘:R ardl (bl(l\égﬁ Write 1+ S"R

Ex: R S0 (1), (39,3040 ¢ Fom 12 w22
S =00 (201, (30, A HIRY T 1208 20 £33

e

SoR = § 1107, (1D, (2.0, 3,69,B)%




One §1?eciol case of Composien  QOCU> when Yey Compose
a reldion with itseld :

2_-_ et R= % (ab\ { a S parent of b75 be detned oA
the set of all pecple. B

‘Then ReR = {@ fal 3 :Person b suchthad a is pared
,ard D & N?ared ot ¢
So ReR = § (aa\\ 5 the grandpared of b3
This. Produces, anctrer reloten  which you can the cempose

Qﬁa\'h S \
ReReR. = 5 (ad) o :Cs :\L %reo}»graro\porer\d‘g
‘ @)

We wite  RB =R: RoRER) =V, etc
} V.
In 6en&rok we hove the recursive deSwihien

R =R = ReR
E ¥ R=$ (1D, (’R‘h, (3,93, (45\)75

R
R2= 5 (), (), (3, (425
g3 = § G, (20, (0, (418
'R“:. ’\277




A relefien en a  sed A s transitive l.f‘_l: Rr\ SR Ser @
n= 123 . ( Thm 1 5. 593).
i_r_.i_:—f ( 15 RIGR %D rewhen R on A 15 dransihve ) |
Assume RMER For ™M =123,
Eg. R*2 R
OIF (a9 €R and (b eR, then by defdbien o
Q COm?ODG‘HU\ of relchons (O(\C\ & sz

(@ Pecause V2SR | Hhese means (ac)eR S0 K
1S transitive

PTCV{(%\ckm'\Zon A s Yransitive —> 'R’n c R 3
?WC'P by induch'e~ .
w . IF Ris fransitive Yren R! =R is tensihiue,

Tnduckve thgetsis @ak s r) = (™ er)

|43
ASSumg (a,b\é R :
J K

Swmce K ReR | thee is an elamect 75A

K
Suh et (aa) € R and () 6R

[_n'\lﬁ i5 due to the dE'fmtth cf  Composthen of
velchens

By the inductive hypethesis (r b\ e R

Sinee R i fransitive and (o) ('ﬂa\cR
(oD €R | Ty RF' <R




Hew do we Reprvsed Reldins [ Assume Binerq Relchers))

- List all elements i (a,b)Cb,c) [c,d)? |
. Via»a Ferenuwhoy “ % Cé,b\ ) Q?“bi

/‘Mc‘t'\‘ﬁ“dcs, 3 Diuecked| %th‘b con also be used,
MQMK ?e@resers}d-\‘er\ (Zerc—ene | ma‘\‘f\"X\.
5&'-9'% A‘ - g Q\' q;) ~, . a"ry\%

B- &b ba . bmd
Mebin M = [Tmy] where

{' Lg (a'\,b\i\ e R
O <Q€>b)\ ﬁ/R

My =

EX

——

h-£i22%  BAE12S
R = Z (Q,b\ \ aeA beB and Q>b§
F (N (3), a5
Mg = F 8] A
-
7

Malnces  can shew Fell us @ relchon Vs
§€F lesave, Sy mmedric, anﬁs%mme\ﬂ‘c-.

Fer relehiay ¢y a st
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KeTlexve Symmeryc Artisg mmetmn <.

Re esenfiag g L
WW

A dx'r‘ecki grap)\, or O\iﬁmphs Corsists of a sef V of
verthites ‘\‘08@%0 wh a set E

e lements of V Called eﬁﬁg_s,

OF Ofdered ’Pqn‘f's of

¥ \ t

or an Gd_%e (ql b\ o Qa is m ’Am'h.al Ver{ex o‘F 'h\é ed.

and b iste  derminak -
&mineA Vvetekx of e edse;

A telehen of seb A has

~seb A as vehiees ’
= oroled s (a,0)€R a5 ts ‘edges‘ -

EX A-f123R
R= 2 QR,03), (a1, (3a), (3,1), (), 34, (4 ), (42), 435

1
K\;____,,\)o b

/\




.

Kelehin  Pregerties in Diagreghs

_ e\le(\1 \16\‘\??( \’\QS a \OQP — Té\e)(i\’e.
— Every ELo\%e between distnet vertiees sl mmebric
hab an Ccfff’ﬁf?"\d)"\f) ed%Q Y oepo;ﬂ-e d\‘((chth
— No  Pair ed Vehees arec \'Xo\'/\eo\ bu] 843435
antisymnetric.

With epposite direching -

Closures of Relahens  ( Seekion 8."“ |

Some\wmes a - ¢ C\aﬁcn docs not have Some. 'yroper“\/

that we would ke 2 GCO)' eSkexivity | symmetry | ‘hns\‘%‘vﬂy

How do we add eements 1o our relaten to 8uamni’e€
')'he desm:d ?mper“\{ = idea“\/ addi\ﬂg as Sew New
elements to R (e rflch'm) as fPossibIC.

ReSlexve Closure
Suppose we had o reladien R on set A aMd want to

MaKe + reflevive. Then we need To foke sure (09\ s
n the relah’oni Sor all aeA. We do ndt want to QdA

O“Y}‘hilé exira .
Defie A =¢ (0| AEAS. The reRevive closure of

Ry RVA .




E’—Lﬁ' What &5 the  reflevive Closwre of K= ¢ @)b) [Q<b% an
e set of ‘m’rfaer_s .

Rud =5 (a¥)| acht vl @a|ae2s
- § (ap) | a=bs

Symmetne. Closure -
Wont to ensure (blq\ & K whenever (Q,b\) ER. Same

idea a5 beSoe . Dedme R = 3 (ba) \(a‘bﬁé?%) fhen
Yhe cymmele closwe  of B is RuBR”

B" S%MWMQ Cswe o& ¥ = { (Q,b\ ) Q>b§ an

/—:POS\.JD'V@ i(\‘feggrs is RuR'= g@,b\\om b% U
S (ha) [ 0>
= 3 (ab) |a#bs

Transitive Closure

Consider the rclah'm‘ R={ (13, (14), (30, (32)% on §1,2,%,u3
T1+15 not Hransitive sinee 1+ s mi’ssiné (hc,ﬁl(:(,%\ (2,4) ond (3,1)
Lets adol them

R =1(12) UALD, () () (39),(31) GRS

SHIL net transitive  (31) (14) b ot (39

1+ Seems we  will

V)Pt'a’q it mere werk

_




| T6b)
Idea @l 15 we Cernpose R with '*?ﬁfﬂm\ we 894 the

(a) €R and (be)eR Ser

e lements (ql C\ where
so add them

Seme b, We need these Jor +’"‘?”5"HV"’L‘/>

+° R. AS we Saw ¢ inour Pprevieus Q‘Htmpfl this m’:ﬁ‘}‘}

bé enoujh, S0 we regeav".

How Many -hYncs do we repea‘\'? ‘Hﬁ? will dtyefd d'Fcowsc

oNn  hew trany intermediale  olements we might Find .

(CIO)QD) (a,0), (as4 - (Am-;, amd =] Al

W& mus4 Ccn\ﬁ\nue \.Uﬁ“l‘l weée Con 8uofar\'¥'fe (qo;q"n\é R’.
This Moy take ‘mn Steps | since at each Composition we
We Moy onl»] odd  cne new element (@amn%eeam

—“‘“5» Yhe tramsibve clsuce of R is

RuRur?u ... 0R™
—;.E.:)S‘f ® = { C}'\‘\, C‘\ﬁ)) (?,2)) (3'\))(}"2)% om {\l’gjé

R' =R
R2 =5 00 (0D (1), 22 G 62 63 NS
SO the '\’fahﬁ\'\we C\oswre s
i
R uR2uLR® = RuR  er

FoGn) (2 () (22) (3,1) (32) (3.3)%




—!here 19 ano*\her waul -{»o |00h at s ﬁ?ro,b\em‘ ard Hat is
usms Yre Matrix representahien . Given matrix representohong

MR and Y\s for R and S the rmatrix r‘e»'presen'\-o%-"cn fer
SeR s Mr @ Mg , Wwhere @ derctes the l'\'\_C_\_\:_'
Operakion ,  this s idenhcal Yo matrix mu,lﬁph‘cafn"m)

except  Yhat any nen-zero entres are simply  written as
1.

EX: Mebnx mu[h‘?h‘a,)n*m € need be:

_ | 1o | 0| 0
Me =1, 0 Ns = o 4 |
0 00 o |

33




Ard the +ransitive closwe 1s the  unien of  Hese relebions

Uuhﬁfé e uniem o dwoe O-\ tatrices Cmre%-pewls teo

QWM\\AS H\e_ .\/' o»pero\-\‘c/\ '\'o eatk Pa\\r of ex\z}rms.

Thus  Yhe tramsifive ¢ loswe is
| o | | | L1
oro |[VV|/oie [V]|oi0o = | olo
| 10 Iy | L L1

[ R? R> R*
This rewlh‘la motrix (fa\&"?‘l\\ 15 called  the

Ccnneo’n‘w'{—u% relaben 'R*) we con expresy (+ as

X o ag
R= UR
n=1
Nete we con %o Yo nahnity becouse aSter B e 'n:\A\ we
His \0"3" paan aooud Qddmb new €elements e, 'R%-‘Fm‘:ll‘m:

and so on. THIS a\ﬁc\n'{»hm ‘bkesh ‘O('n“\ '\'\\Ml 'N\‘;

{

T‘F we ‘V\'\\\Y\K ch oud d\}ec\‘ea, 6raﬁ>h ekamp\e : "R’F' con+a|‘n>

all PGS such Yhed tee 5 a polh ot length at leav) ane
Stem o te b fa K.

a c eq. thece i Patn of lenéhx o
, Feem (fo\.eﬁ . thrs %L\

|
(/N =

ol Net an  element of

R
ces on Mhis path.

Q,b,c‘e 's the peth : b,c are intedad Ve h




WO%M“’; A\%M’hm

I we look at e rebben as a %rap\\, we can build

MY lo‘”%ﬂ' and knser paths between elements. To do
%‘5‘ we a

Podh

e hid
W more Qﬁd mere |h+e_nfcr‘ ‘IQJ"\‘C,G}' 0\01\3 e

Mofe and\ Mmore  INterior- Verhces Cevvespond to -\-q\:ms
Mere C!Y]'Ol Mhorcé C,Qmwg\‘-h'cns ‘

Tdea §
~ S+tart Luﬂ’h -h\ I v PNT N Vethices cameckdb
e felatens 101l qraph - ( palhy of \ergm 4 |
- 0dd link between verhices ot ove a Path of \enb\l.\ 5,
o e 9 - = P 2
4 & er Ce P e, € 7 e oo i
and SO0 on.
’_X IPPRTET TP —_ ?&hoF \ehst&
s 5 p
== =P pathy of R2
!ens-}h 2
oooo’ 'Pﬁmﬁ of ‘R3
< \eﬂa’fh 3.
\‘J
2y
b\ »
o4 e

ks Ee——
= Nete :

@t adding (4 ¢

5 dero by oddg  (ce) Yo (a¢).




Warshalls Q\c:fyn'w\m operakes ea matrices. Let W, = R

JZN
b d ¢

q'\oc.de

We ten construct a i i of rnatrizes ustng the ¥ol\cuﬂ“5
(ule Ser upa\ah\%’e

L) Ce-i) rt-1] CE-t] \
Wi = wi "V [wik N\ Wik
Ser eXQmP\(.
o b o o e
_. | "
Q?{\O | -1—3.0‘{ qc\——"‘**Pi
~ bt O 0t 11 .
| » ’ N
wl h C% V.0 O | \\
410 6 o oo | - W s
e|0 0 0 oo | b a
E ‘ wi - o
J ac =Wy (wib/\wzc\:ov(\/\m:l
ab C d € ,Q\\E‘C,C
alo1 11 1 & s
hlo g 11 1 .
s = /G o1 1 \
AT C} 3 <
J o -8 oo{ e o o
el o 0o |

i
—

By Wl ok v (Wi Awk) = 0 V(1AT)=)

Q)



G
lo  Com Plete Wo ralls

Q\ﬁav(ﬁ\m we would P en ‘e cempue
Ws, Wy ard Wy =

.

Wg* . but dn Yhis case we w ould add

No mere elements 4o the relechen | so we wont  bother l'k"h"&
all of the Steps

The Q\aon‘%m\ﬁ Pseudo Code

b\)qr‘b\ﬂql\ ( Mg: Mxn zero ene ma*-n‘xw
W €« Mg

Jer k=] o ™M

So 121 4o n -Ofm?)
fof Q:\ - \%'Y\ stens "
‘w;J = w.-\j \ (wih /\Wru\

retun W

T}@fﬂhm‘ﬁb b i C)('n:"\ which 5 a Jacder ™M

beHer Hhan the matnix th'q)h‘mh‘m —\‘echm‘q‘uc we
we shown Hrst .




