IEURE 11 } @ |

Ec@uiVa\We RQ\Q‘\’\‘O(\S_
. )
We in’rw%’ve\j Fneww what 4 means 46 Pe /eclwv_alenJr and

Some  relahons Sau\—fs-R1 his iﬂ-}urh‘m) while cthes do not.

Consider the = symbol-  This defires a rebben — we

Necmally  wek, 1241 for example, but we can also

de F\‘ne

R =2 (ab) | (a=b)§ on 7

and wete (11)eR o 1R1,
()Jh\1 do e say the eﬁz_;_qls relahien  expresses  equivaleace?

o qnqh\‘/\é 5 e%uivaleﬁ to \tself ( re%xiva\

o 0 =0 - b =Q ( sqmmm‘v\'c\

. gq=b A b=¢ = a=c (Jrransih've\

set eopqudm@ and

Other  examples  |nclude l08\'cok equiwlence,

mﬂn\»l otho>

Defﬂ: A relahen s an equivalence relabicn ¥ 1t is

/ (\eﬂey'we) ‘5\1mme‘\~r\'<., and ‘HGHS\"'HVCO




& Le{- R = % (qb\l a:b ‘or a;—bg on 7L ‘
15 R on eobuiva\ence re\ah‘m?

O Symmetric : Assyme (ab) ER | 4hen a=b or
o = -b.

IF a=b thn D=a so (boreR
TF a=b, then pD=-a 3o (ba R

lewive :
@ Keolevive o =a . (a,,cﬁeR.

(D) Tamitive  Assume Cob) eR ond (hAER .

Dﬂ% Q:b or Q’-‘b and b:C ole = -C.

)
T a=b ond b=C then q=C SO (a,c\éK
IFf a=b ad bz=-c then a=-C so (9 €eR
1t az-b and b=C then ~b=-c so
~ a=-b=-c % (adeR
If Q='b and b =-C Hhen -b =0 S
: * G=-b=c S0 (ac0eR
hu ; , |
Thus R 55 Symmetric, reflexive and transitive and
therefere it dehines on cquivalence  relatien .




&)
Ex‘ R: d % A
= g(q,\.ﬁ ™  divides Q‘b tor Some f*)os\'%'we, integer
m oh 77 |
This  relaien is called ‘' Congreunce todule """ (e didmt cover this
+C(7!’;, bud' it s a 6000‘ ekmmpla o‘? an eolua\/olmcg r‘e\d‘w'c'\\ .
Recoll thet ¢ divides < d =k¢ Su some keZ .

@ R@:texivt ‘

M d\'\lfd("j Q"Q] O\*Q:O? O =0°m 50\195&

(@ Symmettic_ . Assume (a0)6R . S5 m divides 0-D, thus
G-b =Kem Jor some K€L,  So is (ha) eR 2

Wel] b-a = (—K\"‘m-, 30 ™ divides b-q.
So (le) eR and R is Symmetric .

@TME i Assume (ableR and  (bc)eR . To prove Ris
tromsitive we mush shew (g, V&R, We have (a-b)=k,m
Gndl (b-c\, = Kgm . Since q;c & (afb\*r (h-c) we
have A-C = Kym + kgm = v (K, +ka) where Ktk

i5 on itteger 50 (gc\eR, and R i waretE




b
_El: Ris A re\ﬁt\\‘cn on the se’ro{shfnﬁs of E(Bhgh leMers @U

(
such that  (ab)eR i andenly ¥ a and b have
the same length. Te {t an Equialnce  pelahen ?

Reflevive : Yesi a,’,y5+,,~,,7 has the same /eng% as /ﬁe/F,

Symmebn : 76 (ableR hen  [a] = [b]  so [bl=]al
apd (bp)eR.

Tramsitive - TH (a,p)€R and (be)eR then [a)=[bl=1c]
So Cq,c\ eR.

I\H, T om

usms ‘Q\ 1o denote the \ehs‘w\ oY S+rl‘n3 o

Ex: Ts +ne divides relotien an ey uialence ce\ahon P
Refle xive ala S0 a= lea
TM&' ¥ alb and PlC then b=kKra and

C = Kab ; S0 C = Kao(K,oq\ = k.kg\q)“
al c.

5\{mm€{'n'c ¢ A 1H but

4 ) . so R s not symmetn
', e divides velabin ' not on equiwlme  reloben.
Ex: T R = g (q'b\ ] (a-b\ "y 1% on / an e%uiMIfnce
reloben
RC'F\@YYV&f a - Q = 0 « 1

Symmetric © TF (a—b\éR then [o-bl<d So \b—al<’1 0lco.
s, (ba)e &,

Trnsibve * No! 1=a.8 y=11 z=14 = B * L

yoyle 1 so PR (Y'zgo (x,2) f,{TZ

ly-z1 <« 1 so (Vﬂ\ &R NOT tgpsitive | NoT %“’,'Vfr'i'f»i?




Eaui @
Guivalence  Clasees |

E@uivaﬂence re\atiens  noturally partihen the elements of +he set
4’0\1 are defned on  into several classes

Q: Let R= %(a b\)( o and b received the some 3rade i CeMP l&osg
”\8 damwn s the set of students 1n ComP 1805

= It shodd be  clen, R S an eoluuvaleme ré\c}nm '+ s
\‘eﬂey\w Symmetnec.  and ‘ansn'hve

— 1t aleo ya(’nﬁms e Studeots into classes :
A+ shdents
A students
A - students | o¥c.
Dest . Let R be on eg uivalence relatien en the set A, The
set of all elements  related o Q e A s called the
@%u‘va\gﬂu’. ...-Cﬂhﬁﬂ& ot a ; th 1S deno'\-eo\ [Q_JK oC

[q] when R is Clar Sem ¥ne centext.
0 [a]g = 3 b | (aeRS.

AI'F be lolg Wen Yo is called g represenfabive ot the
equivalence class (Q(M member of the equivalence Class AN
e Choosen).
EX Recall R = g (ab) ( q=b or a=- b% (S an equivalence celebhien.
An Mk’%tf 15 equivalent o itselt and \ts ﬂeaa\-we ‘

[a] = §a,-a}
So [0 = $1,-1%  (Rl-Ea-3b [0)=%05




(

Ex |t R:?(q,b\) A and b have some first 2 b‘ds%, where the demain

o S the set of \oPrstnc&s ot \eng% 6o This s an eguivolenc e
re\ah'cn) What are he eguivalence  Classes.

[OOOOOO:\ = EOOOOOOI @00, 000 l\@, etc... Z}
[Ob\ooo]

[o1000s] o ooo] 109 000) L1ot000] Thio 0] [ N asg |

Nete, these loit strings  are lreprrsm&.l-u'v(s' of the 8 equivalency
Classes Fer Ynis  relehen . ‘

?Or‘kjﬂ'cms
R
Kecall the Grodes, example  here the equiwlence  (\asses

W}?f’“‘ the students Who  achieved the same grode . Note that

™ s g e
arttien 5 4, DWalence  ¢lagses grp either . equal

or Olis\o{nt
J ) ond the unien of g EUidalence olasses s e

TS can - work in e glher dicechen Yoo . Gigens e oF
-1 A 1 We Con always Conghuct an Quinmlence rolhe R
on- A with  Yhpse eq,uf‘va\en(c classes . ‘ f s
Bx: Parbhion A=312345,6% into Av=815. A =6335 and
Ay = 145,65 . Define an equivalonce  rolehion on A i ——
Chsses A, 5 Mg, As
hi= 7 (op) | abe Al =£03
Ry - ¢ (ab) | abepy =7 (0 (33) (33) (3,25
R, - ¢ (ab) | ab Ay S = & (49 (45 (40) (59 (5,9) (5,00 (63) (55) (5,5)3

==




)

Then we can dehne. R in terms o'F 'F‘ 'F? '?5‘ as ’F’\o“(‘u.}-s‘.

R= R uR.URs
Parkal Orders

A relation R on a set S is a ngdml\m.% o Darhal
order iF f

1S .
- re¥lexive
- Transthve, and
= anfisymmetric
A Set 5, +03d1\e' with a ?arh‘a\ order R s called a
Qorh‘a\\v! ordered set  or 'P_O_S_ei' and s denoted (S,R\ L
Membss of S are called elements of the pose} .

EX: TThe relahen > on the setof infegers /| is a partid erdes ing
(7,2) . |

Reflexive: a» o $er all a.

Achisymmedee If a2b ond b>a {‘hm q:b'
Tramsifive = Tf g>p grd bZc ten q>c
02> isa portal crdefiny on 72 s, (7[’ >) s a poset,

What about fhe velahen > on 7 ?
No. Tt is nt refldive 0 # a .




{

Exi U Q{e\licusl\'\ saw that e division relahn | on 7t Is
reflexive and Yronsihive. Ts (7 } l) ‘o poset.

Anti symmetvic ?
1F «a l b and b\a Hren
b: K\OQ O = k9°b

SO b: K.’ka.b \SO—\)HO-\’ Klka:los‘\"‘e
K\,Vae7/_+ K,=Xa=l so b= ak, = a. %o

\L ( T I y 4
| s antisymmetnic  and (7[ : \\ divisibiliy dlebhes
a Po(’ﬁa\ oder  and. this s a ?ose‘f.

DeS® - The elements Q)b of a po‘se% (9)4\) are _C@Eﬁbi\ﬁ iy
oither 0 4b or b4a  newwtbo
When nethe is trwr they are soid Yo be incemporoole

This notahien was develped because we connot always
Compore  two elements in @ "PO&?*-

Example : Given Yre prwesed of a st S| PS).  Then '(?('ﬂ,é}
defines o partial crdecing (sam S =281234%)
Tt s reflexive : £13C 815 b c 2% et
It & amsihve @ §3 29198 € H1233 %0 £13Cf1233

T+ is anfisymmetrc - TF A, C 76) and AxC P(S) and
A,QA,& ten of ALC A we must have A|=A1.
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{

Rowever, hee are some sels vn the peweset ot are not
comparadle  undy the C  relakion

Vs i g
oo it a=%12% ad D :12,4% then  nedther

Ofb o bda. So a and b are uncerpacble .

,E/_é.‘ Tn fhe. l relation 5/}/? and F ¥ B so these

e lements are not COmpwmble. Howevef) 214 0 o
onrd 4 are comparable .

é" In the < relaﬁon) we always have (% b or bea er

QVG(“I ﬁ)afr of @\@me(ﬁs (a'b\) So ever% Pair of elements is
Comparable.,

This 'unmpam)?il.‘ﬂ' of some Pairs of elemertts, is wh\1 we
Use the term Pmﬁa[’ orderinos

Sometimes all elements ave Cempavable (sudn as Ser é\)for
’H\f&@ 055 we have the %Howﬁr\& o\e?imrh'on:

Defh: TF (S) Q 15 a poset o every fwo elements of S are
Comparable S 5 called a Totally ocdeced  (or hnemﬂkl_cml\moo
53'” ang 5 i clld a tokl or linear order. A '\-o+a\\\1 ocdecd
Set 15 alss  colled a chain,




Ex: (7[' é_) S a chain er detol crder. I Vs a

—
—

")ose'\- and al] dmmb are comparable.

__E__,i(: (7[*, [) s a ’POSG‘*} 0s we Saw be’vdé) \ou'sr net

O chain 9o come  elements are not comparoble.

Nete: Tn e fext  Aen) worey aouk Dof U and Theerem 1 (7 562)
oWce  we didn) cover well drdered sets.

Hasse Diagrams
Recall Hhe directed grogh ( o\israyh\ representebion  Lue

’P(@V\'cu%\v‘ emp\on,ec[ +0 refpre%en’)t L ’?arﬁcd ovrder. In
(e p(%mﬁ/@ o Qoset in this wanner we end up dYawm(o) abt of
\mr’%‘; that we  don need’ atncy we fnow a  Doset Te 3

> Velexive . we con omit the sely loops
> 3WOLY\@{{—{\J(g e Can omit (Q,c\ ¥ we have (o,\o\ and
(b.c) :

S0 whot 5 fhe simplést diagram we  Can use fo Completrl,y
(epfesent o Qoset.
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E)(amp\f g COY\S‘&U ‘“\?, A“QC)RA %TQPh 'yO( ( 2\‘7‘_%,’4’%’ é)) w\‘,\'ch s a ?05;1‘,

S‘.”M Wwe tnew a L" Stace if s o U

poset Nos. soif - keps o T
we can re [emove s

them e % W‘\' Co 0?3
> e i

2 be repeserted o
by lenger ’[

1 Pa”"‘; 1

Frnally, ONToN g @dqef; 50 that e inikial \:er’rfx 1o Delow M Yermival
Vertex ond romove the afrows.

— Hosse Ohaamm Jor

{19%%43

0-59,)@—‘:

o

Ex: Vrow +the Hosse o\iaamm 5@&“77/5\‘3,%,4,6,8,@25 | )

(\_eqvg on board unh| YOLL 5:1‘0‘!'5"\ P'8‘5>




Ex: Hose o\io%mm ot ( ?(fa,b,c%) E) | abe <
s
Q '{q&oﬂ;&% gb,c%

cmeé>

g azj £ b

() (08 (05 () :

AT\OYM beneht of  Hasse ()u‘a&mms is Hot i+ is easier o
'Pid“ out Certoin Special elements.

( Leave on .. Uunkl
ki e BS )

An element is  maximal in the poset (5,‘4\ f5 there is
o beS wih g 4b (i agb, bt a#b)

An element s minmal jn dhe poset (S,ﬁ\ T dhee is
o bes w'tﬁ’ bﬁq B

In W Hasse O\iagmm the mavimal elements). are at te Yep

andl Yhe minimum  elements are at the betem

E_;K: In ( E\‘&ﬂa,‘%,é,&\?g) \\ 8,\9\ are moxamal, 1 is minimal.

E:_K‘. In ( ?({Q.\V,C%, C_:x Eaib‘&% 15 maximal , & is minimal.




ement- qreater thon every other element |

Ir bﬁq For _l_’ beS) ‘hen a1 %earea}cs‘/
elemert  of @@o

Some{m\@ there s an el

TF a<xby  For al| \Of‘:S)%cn Q is the  least element

S ( §\.glg,qlg’g‘ )2%) \\ 1 is the least element and
H‘U@ 15 Mg afmks} element | Swce 8 7{ 12 and \2‘{8‘

In ( 'P(gqlb'c%)) Q}) / 15 the \605,' 6\%&’\‘} fo\d
Eo,b,c} 15 the greatest,

Sometimes we wont 4o kourd a subset of e Posd.

For example) 8‘\\1@:\ Q Tpoéér (S)ﬁ) ond o subset 'AQS:

> ¥ WED suhht Q< 4 Fer alf aeA then wis
Called on uppr bound oF A

> ) LeS sueh that Q_éQ Fer aHOLGA) then L is
Called on |ower bound  of A .

Ex:




Ex: h ] Civen the poset vepresented by the
- L/ Hoe  diagram  shown

4y \/ s K

2|~

3 G)(Apper bouvds  of A= ga’blC} are
jel 5:) lﬁ) 3

\3*0\6/0\0 Bt ot 8 Shece %g .

@ Lower bovmds ot go,b, C% fs o} (3\?\6& a A Q\ .

@ upper bou,nds of {d,l\g 1S NONE d
(%) Lower Younds of £3,h% is aboede§ (aaoméis
nO'} il\(\udpd Sinre 8 ¥ :\

® Uppec bounds of fqlcld),)cg are 3 0 h.
©) Lows Yourds of fac,d,5% 5 a

The élé‘Vﬁeh{ X s ‘Pn@ leQ3+ upper bound of {’hc Subset A

it 705 an ugper oound Aot is less Hhan every o fror
upper Vound ¢ A

Tws LY Ser any QGA) and A L L Fer any

apper bourd 2 of A Thio o s he \eost uppec bound  of A

¥y i5a buer bomd of A ord 7 <y whiaer %5 g
lower bound of A) UNTS \/ 15 the oreatest  lower bound  of A
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The greodest lower bound a\b(A\ ard  least uppr beund  Jub (A)
are Uﬂi%\le - iF ‘h\e\f exist.

Teoen gur Yrevieus example

Lub of bd 75 \S ‘4 ((O)&\h are te wppe bowds
g % 3 ’ % is e leas‘\'ﬁﬂ\?se\

Slb ot g b,b,g} IS \bl (whcre Q,b are the lewer
bourds and b is e
reater of these)

To@o |09\ ical  Sor Hng

Suppose we are \Dui\dfﬁg e\ hOUS@. U)e Can Olmr‘h(’ a @arﬁal
order on the " st be done g S¥er " (elahen .

e n ,

5

Fer bu(\dl‘% a kmsc Hr\e $+86>S we mus

ot ot Siduees  Take define o portol order and must e
gxoomt)? respeded . Dut v doosnd soecify a
Q\“'WCX oxt-gaint Va\lid or o\?ﬂ\(g — theee Could be many .

exvttrio sidin Ea'. We dead Care o we do the exdere
roo%‘ws 0 P“‘Y‘*"ﬂg or ?‘umbfllg First.

g(amm%
Joundahen

= these are incomporable ¢ lements

We  wont a }o’ra\ ordec Ynot respects tis poctial
OYdf(‘

De¥™: A fotol order 4 19 Compakible with a yorh'al ofdﬂma R
0% b whneve oRb-




Obserce +hat every finde, Nen-empty  poset hos ot least one

Mminmal o ‘.@rnen'f ‘

D o 50 0 compativle

e\em%;r o +O')ul cro\er) remove o rminimal

?\ace T ot the Frent of Ahe Yotal
New the nihol portial order is g
element

erder,

: parh‘oﬂ order with cne Fewer
, | eep dw«ﬁ s onk| all elements are gene. This is calld
ﬁ@o\ogim\ sorh‘n%.

0 /33
E oo Y ny L% l{;/jo .o
q{/] ‘fl/ W
5 A b (25

(Tcpologiml sort of (glla.‘l, 5,'7.'2"3; \)

aura
o )

/e
\_/

1<E<2<H <0<

This is a volid -l-o'faA ocder é\\rm e \ celchen oves
m 5o q’ue‘)HOf\-

N
END CF LECTURE




