%\ nemial \ Coethiciets
(7)

“The  numbec of - combinahens  of A M- sel is dcr\o‘k’d
This symel s called A binomial  coetficiert  be cause they occur

a5 coeffeients in the expansien of binemial expressiens  such as

(w@ (%a) (m@\ (7@
(1 + fgwy;)(?”&}
= (o2 + T2y + TYT Y+ YR YTY Yy fgm

= 3 ) Think of aI“ bt 54—'"‘33
R RE BN S
Os as Y 5.

Observe thal the terms 7!7’, 7?3,’7<6Q) %% asw ol possible combinchans
ot aml\j with 2 Sacters ngnﬁ ot @ coethicient means

Coun’r\"nﬁ how many times o given combimben appears .
53: The three woys we con choose '8'755 (ard thus iy\ are
- 0
2
22
(7( 9) ’Nﬁ) C'“a)

So we  have a Coe?ﬁc.enﬁ} of % en 78 ‘\'erm

To %Q)f o ¥ must be chosen in each of the % ’X‘r@ famfcrs(a
\o (36'\ ’176 A must be ¢ hosen in two (am{ y 10 the thiel '71—3\?0&:{(2\




o ﬁe’v ’7%'2, g must be chosen in twa (and 7 i tethiel ) [gy) Foker /25@»

To Sev} @'2) ) rous}t be Chosen in all three ('Xfa) Socters (%>

So  we have < ))( 4 (,QX y + XV 5 <§>>V3

= ’7/3 + ?;x"y +5x\, +\/3
Th@- ’B;”CMfG-Q Theccem

(Wfﬁ\(ﬂ mZ( )X Uy nesoas,.. S

_E—-)-( " EX’pqnd (X‘f\-ﬂ 4
(fma\u - (ﬂx )

= (%) W i (4)2y"+ (A [y« (4pey°
= 1 ¥ Ly +éxy2+‘+xﬁ N
EX: Whet i>the coefRicient of +he dermm 3(‘1\,‘15 in the

c—

expansien 5% CX’rYYAS 7
5~

A dern loots  like "’15\ Befyd o y= 1B and

12 15

we have ( }XQ \3\ o the Coefficient of XY

15 ("‘é\ = 200,200 .




S

E—X Wiar is the coePhcient  of \)(\:2y‘3 A the expansien

oF  (ar-By\ P s

st ()
25 85
Z (iﬂax (-3y)
Jzo
For x‘7y'5 we have \s=\5 and thus ;AA so neqchue
B NP ag> 2 N
%3 ) <-:3>’» o <la 37y
| the
/ < 3\3\5‘5 / C‘ose-f'ﬁaen'}

\
A{V@\ica\icns

Claim: let M be a mn—r\%azh\le inter. Then
i "M
N LA A TR U ‘ .
Z ( \:H =
k=0
Yroos :

Use Binmniol_ ‘Yhecrm t,u\‘H'\ (\-I'\\

M 'n.oo\ 7 m-1 1 | ) rf);r\'\\ )
;(tl‘fnﬂ B (\Sl U +<‘)l l f‘ e o ° ( )/}/
k-‘—o . >

terms olweys | %o

(e (B
i

I

|1 1)
o ”M3 o3




This Ccro\\a’v\{o{ e Biremial Theorem 15 an
altenate prood thod fhe Power sef of q sget on

n
N elmerts is @& I by The Sum rule consider o
mujrua\\\f evclusive cases of subsets havma Sizes O 2. M.

Ture aee (3]G, (3), . (3) swr s, 5
o total of Zn (')2\ susels  whih we have Showr

£=0
1o loe '9\,“.
| LT
g/___LL_'_[W | >_.x (—‘\l <k>: O o\wO‘P/L
£-0 P
PPFQD'F O o "Y\ . f’ " lm‘\{‘(ﬂ\(
e =0 = +_(-'m . \<=0<K/ »
7 K
=Zf£\ ()

This COrol\om./ im'p\ffs Yot

(N (D) ) = () (BB




 Ceneralized Termukations & Combinations ( Sechen 5.5 ) @ '

?revfoue,\\/ “when we discussed -permutabens of an m-element
Set, we did ret allow Fer repekiion . What 15 repetition is allowed P

By the ProdudRde he qre

MeNe Mo, «N =N permutations '
kﬂ : o

What about combinations with repetition?

E__{(‘. Houw rhany ways to seleet Y Peices ol Srurt Freem
A bowl ccn*odhing O\?V\fs) o\’anaes,and’Peczrs, QSSumt*g thod
The Pewl Mas b (or mece) of each .

N R‘r“‘ff mere e don] care albout order < which
Peice we pick deesnd ma*tf)on\\? H\e."\ype of Frud,

b apples | H oranges g‘-{ Pears .

3 opples, Lorarge 3oram)e9' 1apple 55 peors, 4 opple

3 apples, 1pear 3omnr)~e5' 1per |2 peors, 1oramje
Aapples, aora}\%eg @ ovanoes, Apexs | A pests, 1 apple ;.!.oranje

aqwles,l owrﬂe&i Roram}es, lapple | @ pears, A apples .
| pear | & 1 pear

There. are a otal of 15 wcu.,s.-l'o
pick L Peices, of Seuit .

Dof03 such a \\'S’nb?} wewld %e+ "'eo[ious 't we hod sa\f
|00 Peices of Jruit to chose ... lels “ryand
See New we can Fermolice 4his Process




Think of our possible selekins as Cpuckets' - dnese

Seleckions are  Alstingusheble
L e e e L mordble s

S B P e TE

The e ?ei‘ces we ?\‘CK are H Sﬂd(s*insufshqbl«e marbles .

Wwe “are Hhe 4 marbles apd drop them onebyore inte
one of e louckeds,

The numbe of ways of pfckffg e Star = e number
of wowys of v\acvé the marbles in the Luckets,

eaq . \ !
R TN R N
q pexs 1 orage  Lapple.
Lets mode] +his as "Follaws let +he marbles be
W? resented b\{ a O and the aqps between the
Duckets (O\sted \mesv b\, a 1", Then we can represer*’(
any - seleehon \0\1 a it S'Hmﬁ'

W A

001010
Thee are four O s ard +wo 2L bits ( represmivs
two divisiens  belween the two buckets  How many
SiX bt b';fs‘rv‘ffss are thee wrh exactly +wo

ones * (g} = \5.




In c\))enera\) we want the number of - combinahens $rom

Q set oF N-elements  when repetition is allewed | we
rave
e |
N - 1's repyesentng the divisicns between
Types § e\ements .

representing the number of picks

So in delol our bt sty ha length  M-lrr =mard

\\ i

b\"\'$ , 0 of which are 15 i S50 We <Can Coeunt
the number of - combinakiens by
m4—r—1> - C(ﬂmr—l)r\
-
Some e xarmples

Suppose @ pizza place has H types of pizza. few
Dhany  ways  con (L pizzas be chosen (only the

( S0 0 diw‘m’cnsy

X

|

|

type of Pizza matters - ot the cvder) .
- é combinatens of a L* set
Cwith  repetvhen o\lewed

\

| @locloice
c—

) (m - G




&)

_E_Z '. How many solutiong Yo X,_L ¥ )(a r )(5 = 11 whece
X ‘)XQ N Oﬂd X& >/ O are Iﬂ+%€f§ < NO'*Q ‘\‘(: Xl ‘XQX} 671
Yhen Arere are. infinite ?oss'\b\'h‘ﬁesw.

11 =" 1+1+1e] £+ kel

56! we split tre 11 15" needd fo s o 11 and
?\\QC& %C’JY‘\ Ih 'H')e ?) buc\:e)‘-s 'x‘ XQ oﬂdys

" . ( 1
/
7:?\ >‘g:|‘f " x =5

|

R+u+ 5 =311

So we are s&lechn(c) | items Fremn a set of 5 elements.

Y, items of type 1

%A, items of Hype R
tems of type 3

%3,
L ol- combinatiens  with repehtien Jrem o 5-3et .
3+l -1 . \%\ .18
| |
. ' | | \ \
[-permutahiens . No repetrihien NJ = P(m r\
(order motters) [ { ('ﬂ"ﬂl ( '
1—7;¢M&‘nag'cﬁg \ Nr \_l' . | n} “""- . B fy:
(ot s ) R i = =(r)

; - permy \'a’n‘ms
| ( order mac-\'\-erg,)

| RePe’ﬂhm allewed. ‘ nr

| e I P

| (- Combiraiions N ;(’n—!—r-ﬂ‘. . Y

\ (oroker dloes et k Repehhcn allowed ey -C(’Nr \)r\-
) mHe':,. . R L




?ermubr\'icns with Trdish nauis%able objects .

Somehimes  the ob;‘edrs we are @e(mu’rins are inditinguisheble , in
these Cases we wont To awid Oouble Coun*-’rg.

Fer example Qonsio\er e word ¢

FALLURE
There are ?(‘-}‘4\ = 70 = S0 ways 4o arrange the
leters of Ahis weard | bu’r whasl‘ aloout &

S UCC_ ESS
Unless we lavel the individuol letters wnany ot Y permutakiens

will be md“\ﬂ_s__‘\_\__(%ggbpb‘\e. (\e. swap the clouble c's and S's and
b K1l e 5 Same sk

Se hew do we hardle SUCCESS |
TW the “5:0\\0(1)\"5 - we are ﬂp\ac\‘na T+ charades in + ?osn'h'cns.

So First hew many woms to 9 \ace % 38s. <% g
Secerd e a C's <%) -Z:rr;cg\rezd -
) S ) Q\ ac counted
e also hae T [}
And Svally —— 1t | ( ‘3
1 43l )

_ 3!
| otal - 244 ! :F}:m.‘
In 89){\@@.\ this leads to a wax to Caleulode the number
of Permutehens (with M, \rd\shr\sus\m.ble o\o\)&’ﬁ of type 1,Mq
of Hpe R, My of Hype K, etc
!
M, }’T}a! ,..aﬂk'.




Proof .

RO e (7B
N )\ Ng Ny b oae e =1

R BN . B = <N

= ol M (e e gl np-nm)!

m!
MmN
te 1'Qe Ke

—
—

2(-_ \'\auu manv| Om:fef é’ﬁ'\ 5‘\7\(65 Can be maale b~1 rearranam%
the lehes  of M 1SS 1SS PP
Thee are M, I T's

rna = 4 SIS

|4

Ty = I M
o
_ nw: \\xyb‘;g?(x,é’ﬂx(,xgwksxg_g__,:’\_‘_52”1_,__,%*5,,______%"3"3“\
grylplg! ~ H«HK,%‘/?*Y’Q“’“ p i

= 694300
E X §u?@% you are at (O'O\ cnaario\) ond  want o go

to (6,830 How many ’Paﬂﬂs are there 1§ yeuw ¢an enly move
a\Cﬂa Yre %ﬁo\ 5 UP - i‘[\,z\{\-l\ oc over 1 ( x=x+1) ot any
S’rep.

Nohice that iy herizonbal steps  must be faken. T
you 6’5;90(%1 where these  are -\%\e. \erhcal steEs are

G\dew K nown .




i © © o o G__.(QS\ | @

.' o
represent QA Daskels
inte which we Can

o o c,__e__; o A rows place our herizental
6 o O N X lines |
6 =6 o o o O Thiy is e some as the
6 6 o o o o o placing wacoles
o — .25—56 o © © ml 2 paskets g‘:;:‘:"“f:m:;*:v'
A 5 <C\*6"):<l%
| b 6

This 1 e same as ole-\ermmi where 4o «;;\ace G 1\5 Na
a b\Jt SHY\3 ot»‘F \P!th ‘lg

Joo | €Ol oolo o |
e e )
5 we ierprel w1ts  @s cados
Sece 4 '‘ORER O ‘W' s is the
path.
Ex?
HOU) man\1 $o\wh'cn° -[-o
X, + Xa t %o & ||
Rewrite |
+ Xy = and Hen solue (NtH-
A TE R R \ C<H
Tn this case Xy represems the number (ws s
of unused velues o 1= X, XM L*




Re lations ‘

?\e \a}fons be‘}ween elements O‘F Se+$ are vé r~7 Common
Ea-‘ sels of Pecple  related by the Father relodren .

-em?\oqees reuca[ to Companmes b~7 the 'em@)h\,(d b\g' relchn ..
- mﬁa& related 4o other in{eags b“f Ho 'ol|‘Jl’s"b|e bw' re‘lal,‘b\‘

——

‘E')fﬁnn\-,. we 30_,1

let AB be sets, A bicary relhen Svem A o B s
a subset of AxB (possibly empiy).

So a \Dimfﬁ redhen is duS‘l @ sel of ordered Pairs . We

“iite afb 4o mean (ab)eR. an akb to mean
(ab) ¢R.

() hen (0, b\\ eR we Say 'a s reloted 10 b byR'f

We cal] +hee relotiens bimn, because AxB consistsof pairs.
Iﬁ 8enem') We can h91\/6 re\q%ms as Subsets arAXBXCxD_.‘_

1[0 8%\1@ us 'ﬁ-ar\/ relatiens . We will concentrate on the
bmarV Case

E__ﬁ‘ Let A be the set of shdedts of Carleten, and let B be
e set of courses at Carleten o Lot B bethe envolled
0 Y relaen ) where  (0B) ER (0}Y) iFF shdet o

\S enrelled N Course b.




Note that al} Junchiens are re) ’ncr\s but et all relahiens are
J unchens |

Sormetimes a telohen iz between q set and HselS . A subsef

of A A Is an t‘P)amp\e 'Iy\ MNis lase we <A M rok}'mcs
on the set A

Ex: let A=§ |3?34E what ordered pars are in the relekien
R- g(OIIO\ \ a. divides bg ?

R S OR—— — S

F;;x ;eg 7,;:'4 nf,w‘m:\\u;: h:{v;-\omgréd\sa\i o diicles b if tere is an
\(‘\\’ c. S\Mh -Pm’f b W~ VS —————— o o
B= f( \) (\ a\ 3\ (\LD ('R’A\ ’)Lh B%\(‘F‘h—%

| e 2o !

L "

Netice many cu‘rcaamj edges
which 15 impassible wdh
Sunchens .




Re lations en 7.

Ex R={(ab|asb} ()& R Ra® R,
Ra=5(ab) | a b} (13) € R, R -,
R;,) :?(Q,b) \ az=b er a:‘b% (Q\l\ € RA Rg Ry
,RL}:% (Q;\b\l Q:b'z) (ll’l\ < RQR3R6
Kg =g(a,b\“a‘b"jg (22) € RR,Ry
[ R

R, = §(ab) | atb £33

How rany relakiens are there on o set of |

ECLHWO\W fo , hew man») Subsefs o A" A?
Aspl = (Y A=)

. ‘ ° \?(AXA\I = a'nz — 3Since a. set with

Clements hag Q™ Subsets
O Set with M? elements

5
has fam.
E—I(T HM man\/ Te\a\'\‘ms are thece on He set
fabck,
rn"z %’l 5

2 =% =3 =53




@rﬁes of Relahmg

PRE;‘@X(VH-\,I_
A relah |
a\\req 602 ‘R ona set A is reflexive 1§ <Q'a\éK Sor
E"‘E: iF A= {‘R;%% then
R\ = g (\\\\,) (\\Q\.’ (’2‘9\\) (Q‘%\)<é}) @lng

1S reflexive wohile

Ry - 2 (‘.ﬂ.,(\,’z\, (%?:\1('2‘\\’(3‘1\% 'S net.
Ry = QA 03) (32 (3% 15 et

E}_* How mony reflexive relahens are thee en a set of

N e\lemens. .
- ST
A velokicn on aseh A 15 a subset of \ArAL (" pairs ).

A set with ™M elements hag am Subse\s. (w‘ncre a
ceotion 15 delermined by specifying whieh of e M
Pairs 15 ihR\.

We kow the M pais (wy\g¢a=ci fon ath) ore
a\fead\t in { -0 don tenside these .

Thereee  eoch of the vemanicy -l ordeed s
of the Serem Qb)) uith (a #b) Ty, or may net, be

N ‘P\, —‘—h\kﬁ -\)n\j Se+ }US (a(’n"n‘\\ 3\1\05?{'5.
Eé- s +the \O\i\/\'des' relahen reflexive

Yeoo o divids a oince @ = 1e@ Ser any int&ger Q.




Symmetry & Antisymmetry
A relatien R on a set A is called $¥mm_e_m‘; i+
((apeR — (baeR)) T all abeA.

A relation R on o set A is callod ontisymmetne. 1

(oD &R A (ba\eR) — (a=b)er oll abeh
Tn other words 15 (a#b) then either (01 €R
or  (ba ¢ R

Nele Yhat +hese Progerties  are net m\mq\\\f exc\usi\le_>

A relohen coud have ore, both  or neither.
EX Consider the 'Yo\\cwms relehiens on E\,a\’;%

R= L 00, 0, QD) (2R, 3R, =D, (ki

L net sy mmetne (%4\ but no @r'ﬁ\

 ret onfisymmetne,  (1,2) and (21) and 1#2.
Ra =2 ), 02\, (1), m\, (33), 33), (4, (4%

b Symn&nc.
Ly rot antisymmeme  (1,2) and (D), (1) and (4,1)

Ra = 2 2\.\\-) (,3|D7 (3‘2\ 7&, \\, (L"\Q\.) (Lh%\
Ly not  symmebric (3,1) net (\2).
Ly antisy mmetrit

Ry =5 (), (224 “ﬁﬁ

— S\yrmmetnc

- \ ) I
ant sy mmetrie \ END ofF LECTURE, ]

S

'/‘/—y-—l b .




