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Abstract

Two agents located at distance D from each other on an infinite line want to meet. This
problem is known as the rendez-vous problem. In this paper, we study a version where the
movements of the agents are not synchronized. To guarantee that the two agents can meet, we
need to break symmetry. To do so, we assign two different labels (binary strings) to the agents.
We denote the length of a binary string L by |L|. The goal is to design an algorithm which,
given any label as an input, produces a sequence of moves, a strategy. Every pair of strategies
produced by the algorithm must enable the two agents following them to meet in a finite amount
of time. The cost of an algorithm is equal to the total distance the agents have to travel before
they meet, in the worst case. Denote by Ly, and L.y the two labels assigned to the agents,
where |Lyin| < |Lmax|- When D is given to the agents, the best known algorithm has a cost of
~ |Lmin|?D. We write f ~ g whenever lim, o, f(z)/g(z) = 1. When |Luin| = |Lmax| = £ is
given to the agents, but D is not given to them, the best known algorithm has a cost of ~ e2¢2D,
where e = 2.71828 is the Euler’s number. When nothing is given to the agents, the best known
algorithm has a cost of O(Dlog2(D) + | Linax|D10g(D) + | Linin|*D + | Linin || Lmax | 108(| Linin|))-
We establish the first non-trivial lower bound on the cost of any deterministic algorithm that
solves any of these three variants. We prove that asymptotically, any algorithm has a cost of
at least 0.07302 |Lmin\2 D. Our lower bound argument relies on a new technique which uses the
asymptotic formula for the number of strongly unimodal sequences.
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1 Introduction

In distributed computing, one of the most basic coordination tasks is that of gathering: a group of
agents located at arbitrary positions in a given environment want to meet at a single point. When
exactly two agents are involved, this problem problem is usually called rendez-vous. Rendez-vous
has numerous applications in Biology [2, Part IV], human interaction (a rescuer looking for a hiker
lost in the woods), robotics [17], computer networks, etc.

Consider the following model for the rendez-vous problem (introduced by De Marco et al. [13]).
The environment that the two agents are evolving on is an undirected graph. The agents have
neither knowledge of the topology of the graph, its size nor the initial position of the other agent.
The vertices are not labelled, but the agents can distinguish between the edges incident to a vertex.
Indeed, at each vertex v, the edges incident to v are locally labelled 1, 2, 3,..., d, where d is the
degree of v. No coherence between these local labellings is assumed. An agent currently located at
v can only see the labels of the edges incident to v. An agent traversing an edge knows both the
label of the port by which it leaves and the port it enters a node and the degrees of the nodes.

If we consider the case where the graph is a line, then we can think of the problem as two
agents looking for each other on a line, where the distances they are allowed to walk are all
integers. In this paper, we study the asynchronous version of this problem, where the movements
of the agents are not synchronized. To guarantee that the two agents can meet, we need to break
symmetry. Otherwise, they could be following each other forever without noticing. A common
way of breaking symmetry deterministically is to assign two different labels (binary strings) to the
agents (see [I, 11l [14] for instance). We denote the length of a binary string L (the number of
bits) by |L|. The goal is to design an algorithm which, given any label as an input, produces a
sequence of moves, a strategy. Every pair of strategies produced by the algorithm must enable
the two agents following them to meet in a finite amount of time. The cost of an algorithm is
equal to the total distance the agents have to travel before they meet, in the worst case. Let D
be the distance between the agents at the beginning of the search. Denote by |Lyin| and |Lpax|
the two labels assigned to the agents, where |Lyin| < |Lmax|- When D is given to the agents,
the best known algorithm has a cost of ~ |Lyn|*D (refer to [I8]). We write f ~ g whenever
lim, oo f(2)/g(z) = 1. When |Lpin| = |Lmax| = ¢ is given to the agents, but D is not given to
them, the best known algorithm has a cost of ~ €2(2D, where e ~ 2.71828 is the Euler’s number
(refer to [18]). When nothing is given to the agents, the best known algorithm has a cost of
O(D1og*(D) + | Lmax| D 10g(D) + | Linin|? D + | Liin| | Lmax| 10g(| Limin|)) (vefer to [I8]). Notice that all
logarithms in this paper are in base e. We establish the first non-trivial lower bound on the cost
of any deterministic algorithm that solves any of these three variants. Moreover, our lower bound
applies to the more general setting where the agents are free to walk any real-number distance.
Our lower bound argument relies on a new technique which uses the asymptotic formula for the
number of strongly unimodal sequences.

Several variants of this rendez-vous problem have been studied: synchronous/asynchronous,
randomized /deterministic, etc. In some other versions of the problem, each agent is allowed to
leave markers on its path. Some authors also studied the impact of delaying the activation of the
agents at the beginning of the search. We refer the reader to [2, B, [14] for comprehensive surveys
on the topic. Rendez-vous problems where the agents can move freely in a polygonal domain have
also been studied [0, [O] [I5]. Lower bounds were established in some of the frameworks we have
mentioned so far: [4 [5 [7, 8, 10, [12]. For instance, in [7], Dessmark et al. establish lower bounds
for deterministic asynchronous meeting on a cycle in different settings.



2 Preliminaries

In this section, we define formally the rendez-vous problem on the line we presented in the intro-
duction. We start by explaining the power of the adversary in the worst case scenario. Before
the two agents start searching for each other, an adversary assigns a left/right-orientation to each
agent. The adversary is allowed to assign different orientations: what one agent considers to be
“left” could be considered as “right” by the other. However, once the search has started, the
left /right-orientations cannot be changed. Each agent sees the line as the real line and considers
its starting position to be 0. Since the agents do not start at the same position, they have different
origins. For each agent, the negative (respectively positive) side of the real line corresponds to its
“left” (respectively “right”) orientation. Nevertheless, what is considered to be at distance 1 by an
agent is considered to be at distance 1 by both of them. We denote the distance between the two
agents at the beginning of the search by D. During the search, each agent follows a strategy, where
a strategy S consists in a sequence of numbers representing a sequence of positions on the real line.

Definition 1 (Strategy). A strategy S is a sequence of real numbers. If S = (x1,22,...,Ty) 1S
finite, we say that S is a finite strategy. If S = (x;)i>1 s infinite, we say that S is an infinite
strategy. The numbers x; are called steps.

A finite strategy S = (x1,x2, ..., 5) can be seen as an infinite strategy (z;);>1 such that x; = =z,
for all ¢ > n. When an agent follows S, the step x; starts when the agent leaves x;_1 and stops
when it reaches x;. To simplify the presentation, we let g = 0. The agent following S starts at
T, then moves to x1, then to z9, etc. Each step z; is thought of by the agent with respect to its
starting position on the real line and with respect to its orientation. As the agents search for each
other, the adversary controls their speeds independently. However, the adversary must comply to
the following liveness property: an agent cannot be stopped forever unless it completed the last
step of his strategy (in the case of a finite strategy). The absolute position of an agent following a
strategy S with respect to time is called a realization for S.

Definition 2 (Realization). Let S = (x;)i>0 be a strategy. A realization for S is a function
fs : 0,00 — R which satisfies the following property. There exists a strictly increasing sequence of
real numbers (to,t1,t2,...), called a timeline for fg, such that to =0 and

1. One of the following two properties is true: (a) for alli > 1, fs(t;) = fs(0) + x; or (b) for
all i > 1, fs(t;) = fs(0) — x;.

2. Foralli > 1, fg is monotone on [ti_1,t;] (we consider the constant function to be monotone).

In Definition [2| the ¢;’s represent time. Item [I| represents the orientation of the agent following
S. If its compass is accurate, then for all i > 1, fs(t;) = fs(0) + x;. Otherwise, for all i > 1,
fs(ti) = fs(0) — x;. Moreover, Item [l ensures that the liveness property is satisfied. Indeed, for
all 4 > 1, there is a time ¢; such that the agent following S reaches x; (with respect to its own
origin). The number fs(tg) = fs(0) is the absolute starting position of the agent following S. We
do not necessarily have fg(0) = 0 since the agent following S can be anywhere on the real line at
the beginning of the search. As noted by Stachowiak [I8, Section 1], assuming that the agents can
go back and forth inside [t;_1, ¢;] does not give them any additional capability to avoid each other.
Therefore, we assume that fg is monotone on [t;_1,t;] (see Item .

Whether the agents meet each other or not depends on their relative orientations, on their
relative positions at the beginning of the search and on their relative speeds. Pairs of realizations
are called space-time assignments.



Definition 3 (Space-Time Assignment). Let S1 and S be two strategies. A space-time assignment
for Sy and Sy is a pair (fs,, fs,) of realizations, where fs, and fs, are realizations for S1 and Sa,
respectively.

We represent space-time assignments in space-time diagrams (refer to Appendix [A| for an ex-
ample). In these diagrams, the horizontal axis represents time and the vertical axis represents
position on the real line. On the vertical axis, “down” corresponds to “left” and “up” corresponds
to “right”. There are four general cases to consider for space-time assignments: either both agents
have the same orientation or not, and either fg, (0) < fs,(0) or fs,(0) > fs,(0).

When the two functions fs, and fs, intersect, we say that the two agents meet by following S
and Sy with respect to fs, and fs,, respectively. If, given any space-time assignment for S; and
So, the two agents meet, we say that S; and So are D-compatible.

Definition 4 (D-Compatible Strategies). Two strategies S1 and Se are D-compatible if, given any
space-time assignment (fs,, fs,) for S1 and Sy where |fs,(0) — fs,(0)| = D, there exists a time
t > 0 such that fs,(t) = fs,(t). A set S of strategies is said to be D-compatible if all strategies
are pairwise D-compatible. Two strategies are D-incompatible if they are not D-compatible. In
other words, there exists a space-time assignment (fs,, fs,) for S1 and Sa such that the two agents
do not meet. When D = 1, we say compatible and incompatible instead of 1-compatible and
1-incompatible, respectively.

Let S7 and S; be two compatible strategies. Suppose that the two agents follow S7 and So,
respectively. We denote by v(S1, S2) the maximum distance the two agents travel altogether before
they meet, in the worst case. That is, when considering all possible space-time assignments ( fs,, fs,)
such that |fs, (0) — fs,(0)| = 1.

Suppose now that S; and Se are incompatible. We denote by §(S7,.S2) the maximum of the
minimum distances between the two agents as they are travelling, over all realizations. Formally,
let Fg, (respectively Fg,) be the set of realizations for S; (respectively for S2). Then, §(S1, S2) =
max ming>g | fs, (t) — fs,(t)|, where the maximum is taken over all pairs of realizations (fs,, fs,) €
Fs, x Fs, such that |fs, (0) — fs,(0)] = 1. Notice that if S; and S are compatible, we have
5(S1,52) =0.

The goal of the Deterministic Asynchronous Rendez-Vous Problem on the Line is to design a
deterministic algorithm that produces a D-compatible set S of strategies. For short, in this paper,
we write rendez-vous problem on the line. As we noted in the introduction, to guarantee that the
problem can be solved, we need to break symmetry. Otherwise, with an appropriate choice of
strategies and space-time assignment, the adversary could have the agents stay forever at distance
D from each other (refer to Lemma. Therefore, we assign a unique label to each agent. We denote
the labels of Agents 1 and 2 by L; and Lo, respectively. We denote the length (the number of bits)
of a label L by |L|. An algorithm A is said to solve the deterministic asynchronous rendez-vous
problem on the line if, given any two different labels as an input, it produces two D-compatible
strategies. We have the following result.

Lemma 1. Any strategy is D-incompatible with itself. Also, if two agents follow the same strategy,
there exists a space-time assignment such that they stay at distance at least D from each other.

Proof. Let S be a strategy and let fg be any realization of S. Consider the realization fg(t) =
fs(t) + D. If Agent 1 follows S with respect to fs and Agent 2 follows S with respect to fg, then
they stay at distance D from each other. ]

Lemma [I] implies that whatever are the labels of the two agents, an algorithm that solves the
rendez-vous problem on the line provides the agents with different strategies. We know that there



exist algorithms which solve the rendez-vous problem on the line (see [13] [I§] for instance). The
goal is to find an algorithm with minimum cost, where the cost is defined as follows.

Definition 5 (Cost of an Algorithm). Let A be an algorithm that solves the deterministic asyn-
chronous rendez-vous problem on the line. Let S be the set of all strategies produced by A. The cost
of A, noted ¢(A), is defined by $p(A) = max~y(S1,S2), where the maximum is taken over all pairs
of strategies S1,S2 € S such that S1 # Sa.

As we mentioned in the introduction, the rendez-vous problem on the line has been studied with
respect to different sets of hypotheses. The best known algorithms are due to Stachowiak [18]. He
concludes his paper by asking different questions about non-trivial lower bounds on any algorithms
that solve these variants of the rendez-vous problem on the line. In this paper, we establish a lower
bound on the cost of any algorithm that solves the rendez-vous problem on the line for the case
where the agents know D. More precisely, we prove that, asymptotically, any algorithm has a cost
of at least (\/élog(Q)/(Qw))2 | Linin|? D = 0.07302 | Linin|? D. Our lower bound applies directly to
the other two variants we described in the introduction where the agents do not know D. It also
applies to the case where the agents are free to walk any real-number distance.

For the rest of the paper, we suppose that the agents know D. In this case, D plays the role of
a scaling factor, therefore we suppose that D = 1. Also, notice that up to an appropriate choice of
realization by the adversary, we can suppose without loss of generality that 1 > 0 for all strategies
(z1,22,x3,...). The paper is organized as follows. In Section |3, we explain how to deal with finite
integer strategies (x1,x2,,...,xy) (where z; € Z for all 1 < i < n). This is a reasonable starting
point given that the best known algorithm produces finite integer strategies only (refer to [I8]).
Moreover, we suppose that |L;| = |La| = £. In Section {4, we explain how to deal with finite real
strategies (1,2, ,...,x,) (where x; € R for all 1 < ¢ < n). We also suppose that |Li| = |La| = Z.
In Section [5, we explain how to remove the finiteness hypothesis and the hypothesis |L;| = |La].

3 The Integer Case

Suppose that all strategies have the form (z1, z2, ..., zy), where z; € Z for all 1 <1i < n. Moreover,
suppose that |Li| = |Ls| = £. In this section, we develop tools to provide lower bounds on the cost
of any algorithm that solves the rendez-vous problem on the line. Then, we prove an asymptotic
lower bound of (\/élog(Q)/(%r))2 2 D =~ 0.07302 /2 D.

The following lemma, together with Corollary [1] is a tool we need throughout the whole paper.

Lemma 2. Let A be an optimal algorithm that solves the deterministic asynchronous rendez-
vous problem on the line. Let S be the set of all strategies produced by A and suppose that all
strategies in S are finite. We can suppose the following without loss of generality. For all strategies
S = (x1,%2,...,x,) € S, there exists another strateqgy S’ € S together with a space-time assignment
such that the agents meet once the agent following S is at z,, (and it completed step x,,).

Proof. Let A be an optimal algorithm that solves the rendez-vous problem on the line. Denote
by S the set of all strategies produced by A and let S; = (z1,z2,...,z,) € S be any strategy.
Without loss of generality, suppose that Agent 1 follows S1. Moreover, suppose that, for all choices
of strategies S” # S, and all space-time assignments for S7 and S’ the two agents never meet while
Agent 1 is travelling from z,,_1 to x, and they never meet once Agent 1 is at x,,. Let A’ be the
algorithm that returns S € S whenever A returns S, except when S = 57, in which case A’ returns
(21,22, ...,2n—1). Then A’ is also an optimal algorithm that solves the rendez-vous problem on the
line. Therefore, for all strategies S = (x1, x2, ...,x,) € S, we can suppose the following without loss



of generality. There exists a strategy S’ € S (followed by Agent 2) with S’ # S together with a
space-time assignment such that the two agents meet while Agent 1 is travelling from z,_1 to =,
or once Agent 1 is at x,,.

Let S1 = (x1,22,...,2,) € S be a strategy followed by Agent 1. Consider all strategies S’ € S
for which there exist a space-time assignment such that if Agent 2 follows S’, the agents meet
while Agent 1 is travelling from z,_1 to z, or once Agent 1 is at z,,. Let z/ be the furthest
distance from x,_; where such a meeting can happen (when considering all strategies and all
space-time assignments). Therefore, if z, > z,_1, then z/, € [z,-1,2,]. And if x,, < x,_1, then
xl, € [T, xn_1]. Let A’ be the algorithm that returns S € S whenever A returns S, except when
S =51, in which case A’ returns (1,2, ...,2,). Then A’ is also an optimal algorithm that solves
the rendez-vous problem on the line. Therefore, for all strategies S = (x1,z2,...,x,) € S, we can
suppose the following without loss of generality. There exists a strategy S’ € S (followed by Agent
2) with S’ # S together with a space-time assignment such that the agents meet once Agent 1 is
at =, (and it completed step x,,). O

Following the notation of Lemma [2] let Sy C S be the set of strategies produced by A from all
possible input labels of size £. In the proof of Lemma[2] suppose that we modify only the strategies
in §y. Moreover, for each modified strategy (x1, 22, ..., 2, ), replace x,, by =), = [x,] if 2, > 0 or by

/

x), = |xn| if 2, < 0. Then, we get the following corollary from Definition

n

Corollary 1. Suppose that only finite strategies are allowed and that |Ly| = |La| = €. There ezists
an optimal algorithm A that solves the deterministic asynchronous rendez-vous problem on the line
such that for all strategies (x1,x2, ..., x,) produced by A from an input label of size ¢, x,, € Z and

SA)+1 > | — i (1)
=1

Without loss of generality, we can also suppose that the strategies have no redundancies.

Definition 6 (Redundant Strategy). A strategy S = (21,2, ..., Tyn) (n > 2) is said to be redundant
whenever there exists an 0 <1 < n — 2 such that v; < z;11 < Tigo or x; > Tip1 > Tivo. In such a
case, we say that S has a redundancy at i. Otherwise, S is said to be non-redundant.

Suppose that S has a redundancy at i (where 0 < i < n —2). We say that a strategy S’
is obtained from S by removing its redundancy at i whenever S" = (x9,...,2z,) (if i = 0), S’ =
(T1, @2, ey iy Tt 2, ooy Tp) (fO0<i<n—2)orS =(x1,29,...,Tn_2,2,) (if i=n—2).

The following lemma, which proof is provided in Appendix states, without surprise, that
we can remove redundancies for free.

Lemma 3. Let S; = (x1,x9,...,x,) and Sy be two finite strategies. Suppose that S1 has a re-
dundancy at i (where 0 < i < n —2). Let S| be the strategy obtained from Sy by removing its
redundancy at i. Then Sy and Sa are compatible if and only if S| and Sy are compatible.

Moreover, if Sy and Sz are compatible, then v(S1,S2) = ~(S7,S2). And if S1 and Sy are
incompatible, then 6(S1,S2) = (S, S2).

Let S = (x1, 9, ..., x,) be a non-redundant strategy. For all 0 < i < n— 2, x; # x;41 otherwise,
there would be a redundancy i. Moreover, if x; < x;41, then x;41 > x;40 whereas if x; > x;41,
then x;41 < x449. Therefore, if x;11 — x; > 0, then x;19 — x;11 < 0, whereas if x;11 — x; < 0, then
Ziy2 — Tit1 > 0. In other words, the sequence (z;+1 — %;)o<i<n—1 alternates between positive and
negative values. Recall that at the end of Section [2, we supposed without loss of generality that
x1 > 0. Consequently, S can be represented as a sequence of positive integers (A, Ag, ..., Ay) such
that for all 1 < i < n, x; = ;1 + (=1)""'A;. Then, from Corollary [1| there exists an optimal
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Figure 1: (a) Example of a strategy with 3 lightnings (in bold). (b) Example of a unimodal strategy
(z1,x2, ..., 713,0). Following Deﬁnition we can let m =9 and m’ =8, or m =7 and m' = 8.

algorithm A that solves the deterministic asynchronous rendez-vous problem on the line such that
for all strategies S = (1, z2, ..., ) produced by A, we have

n n

A+ 12> |z —aia| =Y (D) @i —wia) = > A (2)
=1

1=1 i=1

Let A be such an optimal algorithm. To obtain a lower bound on ¢(A), we find an upper bound
n(¢(A)) on the number of strategies that satisfy (Z). Since the 2¢ strategies produced by A (recall
that |Li| = |Lo| = €) satisfy (2), we can write n(¢(A)) > 2¢ and then solve for ¢(A). Counting
the number of strategies satisfying corresponds to counting the number of sequences of strictly
positive numbers that sum up to ¢(A). We can argue that there are 26(A)+1 _ 1 such sequences.
However, this leads to ¢(A) > ¢ — 1 which is not all that strong. We show that we can make
additional assumptions on the strategies (see Lemmas [4| and |5, and Corollary , enabling us to
prove an asymptotic lower bound of 0.07302¢2D.

Suppose that an agent follows a strategy S that has a redundancy at i. By Lemma/[3], removing
the redundancy does not decrease the total distance travelled by the agent. However, it simplifies
the presentation of the proofs. Some parts of some strategies —the lightnings— can be removed
to decrease the total distance travelled by an agent.

Definition 7 (Lightning). Let S = (x1,%2,...,25) (n > 4) be a strategy. A lightning is a sub-
sequence L; = (x;, Tit1, Tit2, Tit3) of length 4 (where 0 < i < n — 3) such that z; < x;y3 and
Titl, Tit2 € [Ti, Tivs], or Tips < m; and Tiy1,Tiyo € [Tits, xi] (refer to Figure .

Let S = (z1,%2,...,2n) (n > 4) be a strategy with a lightning L; (where 0 < i < mn —3). We
say that a strategy S’ is obtained from S by removing L; whenever S’ = (x3,...,x,) (if i = 0),
S = (X1, T2y oy Ty Tig 3y ooy Tpy) (f 0<i<n—3)orS =(x1,22, ..., Tn-3,2n) (if i =n—3).

Notice that a strategy without lightning can contain a redundancy and a strategy without
redundancy can contain a lightning. Stachowiak [I8] observed the following property without proof
due to space constraints. We provide a proof in Appendix [B.3] for the sake of completeness.

Lemma 4 (Stachowiak [18]). Let S1 = (x1,x2,...,zy) and S be two finite strategies. Suppose that
S1 has a lightning L; (for some 0 < i <n-—3). Let S| be the strategy obtained from Sy by removing
L;. Then S1 and Sy are compatible if and only if S| and Sy are compatible.

Moreover, if S; and Sz are compatible, then v(S7,S2) < ~(S1,S52). And if S1 and Sy are
incompatible, then 6(S1,S2) < (S, S2).



Let S = (x1,x2,...,x,) be a non-redundant strategy without lightning. Recall that at the end
of Section [2| we supposed without loss of generality that 21 > 0. Denote by n’ (respectively by n”)
the largest odd (respectively even) integer such that n’ < n (respectively n” < n). We can prove
that the sequence (x1,xs3, ..., Z,) has a unique maximum and the sequence (z, z2, x4, ..., T~ ) has
a unique minimum. Moreover, these maxima are closely related. We gather all these properties in
Definition Bl and Lemma [l

Definition 8 (Monotonic and Unimodal Strategies, Stachowiak [18]). Let S = (x1,x2,...,x,) be
a strategy. Without loss of generality, suppose that x1 > 0. Denote by n' (respectively by n") the
largest odd (respectively even) integer such that n' < n (respectively n” < n). We say that S is
monotonic if the sequence (x1,x3, ..., T,) is strictly increasing and the sequence (xo, T2, Tq, ..., Tyr)
18 strictly decreasing.

We say that S is unimodal (refer to Figure if there are an odd integer 1 < m < n' and
an even integer 2 < m’ < n” such that |m —m/| =1, Xy # Tymao OF Tpy # Ty, (T1,23, .0, T
is strictly increasing, (Tm+2, Tmtd, ..., Tnr) 18 strictly decreasing, (xg, T2, T4, ..., Tyy) 18 strictly de-
creasing and (Tpyy 49, Tymiad, -, Tpr) 18 Strictly increasing.

If we had 2, = T2 and = Ty o, or if jm —m/| > 1, it would create a redundancy or a
lightning. However, our goal is for Definition [§] to characterize non-redundant strategies without
lightning. We have the following property.

Lemma 5. If a non-redundant strateqgy S does not contain any lightning, then it is monotonic or
unimodal.

Proof. We refer to the proof of Theorem 2 in [I8]. Stachowiak proved Lemma [5, but for strategies

(1, 2,23, ...) such that xz; > 0 for all odd integers i and x; < 0 for all even integers i. However,

the same proof applies in our case. O
From Lemmas 3] [4] and [} we get the following corollary.

Corollary 2. There exists an optimal algorithm A —uwhich solves the deterministic asynchronous
rendez-vous problem on the line— such that all strategies produced by A are monotonic or unimodal.

By Lemmas (3| and {4} we know that we can (and we should) focus on non-redundant strategies
without lightning, which are monotonic or unimodal by Lemma |5, Let S = (z1,x2,...,x,) be a
monotonic or unimodal strategy. Recall that any strategy can be represented as a finite sequence
of integers (A1, Asg, ..., Ay,) (refer to the discussion following Lemma [3]). Since S is monotonic or
unimodal, the sequence (Aq, Ao, ..., A,,) is monotonic or unimodal. Therefore, to lower bound ¢(A),
it is sufficient to count the number of strongly unimodal sequences satisfying .

Definition 9 (Strongly Unimodal Sequence of Weight m). A strongly unimodal sequence of weight
m is a sequence of integers (x1,22,...,Ty) such that Y " jxi=m and 0 < z1 < ... < xj_1 < z; >
Tjp1 > .. > xp > 0 for some 1 < j < n. We denote by u*(m) the number of strongly unimodal
sequences of weight m.

There is an asymptotic formula for the number of strongly unimodal sequences.
Theorem 1 (Rhoades [16]). log(u*(m)) ~ mv/24m — 1/6.
The following corollary is an easy exercise which we solve in Appendix

Corollary 3. Let ui,(m) be the number of strongly unimodal sequences of weight at most m. In
other words, u§(m) =Y, u*(z). We have log (u¥(m)) ~ mv/24m — 1/6.

We are ready to prove the following theorem.



Figure 2: Example of a strategy (in gray) together with its signature (in dashed black) and its
simplified signature (in black). Recall that D = 1.

Theorem 2. Suppose that only strategies of the form (x1,x2,...,xy,) are allowed, where x; € Z
for all 1 < i < n. Moreover, suppose that |Li| = |La| = £. Let A be any algorithm that solves
the deterministic asynchronous rendez-vous problem on the line. Asymptotically, we have ¢p(A) >

(V6log(2)/(2m))* 2 D ~ 0.07302¢2 D.

Proof. Without loss of generality, we can suppose that A is an optimal algorithm that satisfies
Corollary 2| Let C = ¢(A) and S = (1,9, ...,z,) be any strategy produced by A, where x; =
zi1 + (=1)"A; for all 1 < i < n. By Corollary [2| S is non-redundant and it is monotonic or
unimodal. By ,

ci1>Y A, 3)

=1

How many integer sequences satisfy ? The numbers in are all positive and they add up
to at most C + 1. Moreover, as we explained, each sequence (A1, Ag, ..., A,) which satisfies (3] is
strongly unimodal (refer to Deﬁnition@. Therefore, there cannot be more than u3 (C+1) strategies
produced by A. Since |Li| = |Ls| = ¢, there are exactly 2° strategies produced by A. Therefore,
us(C + 1) > 2¢ from which we get log (u(C + 1)) /log(2) > £. Thus, asymptotically, we have

m\/24(C+1) — 1/ (6log(2)) > ¢ by Corollary |3 from which C > (\/610t<g(2)/(27r))2 02 —23/24 ~
(V6log(2)/(2m))” 2. O

4 A Lower Bound for the Real Case

In this section, we consider real strategies (x1,x2,...,x,), where z; € R for all 1 < i < n. We
maintain the assumption |L;| = |L2| = ¢, which will be removed in Section [5. The main result of
this section is that the lower bound of Theorem [2| stands for finite real strategies. The definitions
of redundancy (refer to Definition @ and lightning (refer to Definition [7)) apply to real strategies.
Moreover, in the proofs of Lemmas 3] [4] and [5} and Corollary 2] we did not use the fact that the
strategies were made of integers. Therefore, when needed, we can suppose that the strategies we
consider are monotonic or unimodal. We define the signature of a strategy, which intuitively is the
integer part of a real strategy.

Definition 10 (Signature of a Strategy). Let S = (x1,22,...,xy) be a real strategy. Let o(S) =
(@), xh, ..., x),) be the strategy such that for all 1 < i < n, if x; > 0, then x; = |z;], and if x; <0,
then @, = [x;]. The strategy o(S) is called the signature of S (refer to Figure[3).

The following lemma explains why we do not need to consider real strategies.



Lemma 6. Let S; and Sy be two real strategies with signatures o(S1) and o(S2), respectively. If
Sy and So are compatible, then o(Sy) # 0(S2).

Proof. We prove the following equivalent statement: if o(S7) = 0(S2), then S and Ss are incom-
patible. Let S1 = (z1, 22, ...,2,) and So = (2}, 25, ..., 2],), and suppose that Agents 1 and 2 both
follow 0(51) = 0(S2). Let fy(s,) be any realization for o(S1) and take f,(s,) + 1 as a realization
for 0(S2). Therefore, the two agents stay at distance 1 from each other (refer to Lemma (1)) and all
steps are synchronized. We prove that z; # 2 for all 0 < i < n. We consider two cases: either (1)
the two agents are on the same side of the real axis or (2) not.

1. Suppose that the two agents are on the same side of the real axis. Without loss of generality,
they are both on the positive side of the real axis. Therefore, Agent 1 is at |x; |, Agent 2 is at
|z}] and ||z;] — |«}]| = 1. Let x; = m;+¢; and z;, = m]+¢}, where m; = |z;| and m] = [z}].

If z; > 2}, we have 1 = ||z;] — |«}]| = 2] — [2}] = m; —m]. Hence, since 0 < & < 1 and

0 <&l <1, wehave x; — 2, = (m; +¢;) — (m}+¢,) = (mi —m}) — (¢, —¢;) = 1— (e} —&;) > 0.
Therefore, z; > x}. If z; < 2}, a symmetric argument applies.

2. Suppose that the two agents are not on the same side of the real axis. Without loss of
generality, Agent 1 is on the positive side and Agent 2 on the negative side of the real
axis. Therefore, Agent 1 is at [z;|, Agent 2 is at [z}] and [z;| — [z]] = 1. We have

x; — x> |x;] — [2}] = 1. Therefore, x; > 2, +1 > /.

We now define a space-time assignment (fs,, fs,) for S; and S, showing that S; and Sy are
incompatible. Let fg, (i) = z; and fs, (i) = « for all 0 < i < n. Therefore, fs, (i) = z; # =}, = fs, (i)
for all 0 <@ < n. Without loss of generality, x; > zj and ;41 > 2}, for all 0 <4 < n. On the
interval [i,7 + 1] let fg, be the linear function from (i,z;) to (i + 1,z,11) and let fg, be the linear
function from (i, ;) to (i + 1,2}, ;). In a space-time diagram, since x; > zj and ;41 > 2, this
corresponds to two line segments that do not intersect. Therefore, the two agents do not meet.
Hence, S7 and Sy are incompatible. O

Even though a strategy S is non-redundant and does not contain any lightning, taking the
signature of S can introduce redundancies or lightnings.

Definition 11 (Simplified Signature of a Strategy). Let S = (z1,x2,...,2y) be a real strategy.
Let 5(S) be the strategy obtained from o(S) by removing all redundancies and all lightnings. The
strategy o (S) is called the simplified signature of S (refer to Figure @)

By applying Lemmas [ and [6] we get the following lemma.

Lemma 7. Let S1 and Sy be two real unimodal strategies with simplified signatures &(S1) and
7 (S2), respectively. If S1 and Sy are compatible, then G (S1) # 7(S2).
By applying Lemma [7] and Corollary 2] we get the following corollary.

Corollary 4. There is an optimal algorithm A —uwhich solves the deterministic asynchronous
rendez-vous problem on the line— such that all strategies produced by A are integer strategies, and
they are monotonic or unimodal.

We can now prove the following lower bound for real strategies.

Theorem 3. Suppose that only strategies of the form (x1,x2,...,2y) are allowed, where x; € R
for all 1 < i < n. Moreover, suppose that |Li| = |Lo| = £. Let A be any algorithm that solves
the deterministic asynchronous rendez-vous problem on the line. Asymptotically, we have ¢p(A) >

(V6log(2)/(2m))* £2 D ~ 0.07302¢2 D.
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Proof. By Corollary [, we can focus on integer strategies that are monotonic or unimodal. There-
fore, the proof of Theorem [2| applies directly. O

5 A General Lower Bound

In this section, we remove the last two assumptions. We explain why our lower bound (refer to
Theorem [3]) applies to infinite strategies and to the case where |L;| # |La|.

The proofs of Lemmas [3] 4] [f] and [6] do not use the fact that the strategy is finite. Therefore,
without loss of generality, we can consider infinite integer strategies that are monotonic or unimodal.
By Definition integer strategies that are unimodal are finite. Thus, let us consider infinite
integer strategies that are monotonic. We know that there exist algorithms that produce only
finite strategies (refer to [I8]). Therefore, it is not worth walking farther than a certain distance
D*. Moreover, in the worst case, an agent have to reach D* to meet the other agent. Suppose that
there is an algorithm which produces infinite strategies. Then the steps defining these strategies
must be bounded by D*. Therefore, these strategies are finite, which is a contradiction.

Suppose that |Li| # |La| and let Ly, and Ly be the smallest and the longest labels, respec-
tively. Let us revisit Lemma [2] and Corollary [I} In the proof of Lemma [2] we consider an optimal
algorithm A which produces a set S of strategies. We shorten, as much as possible, all strategies in
S. At the end, for each strategy S € S, there exists another strategy S’ € S which forces the agent
following S to complete its last step. Let Spin C S (respectively Smax € S) be the set of strategies
produced by A from all possible input labels of size |Lyin| (respectively of size |Lpax|). We modify
the proof of Lemma [2| in the following way. We shorten all strategies S € Syin such that there is a
strategy S’ € Smax which forces the agent following S to complete its last step. Moreover, for each
modified strategy (x1,22,...,2p) € Smin, We replace z,, by z!, = [x,] if &, > 0 or by =/, = |z, ] if
Tn < 0. Then, we get the following corollary from Definition

Corollary 5. Suppose that only finite strategies are allowed and that |Lq| # |Lo|. There ezists
an optimal algorithm A that solves the deterministic asynchronous rendez-vous problem on the line
such that for all strategies (x1,xa, ..., x,) produced by A from an input label of size |Lwyin|, Tn € Z
and

GA)+1 > | — i) (4)
=1

The number of strategies satisfying is no longer equal to 2¢ (refer to the proof of Theorem.
It is lower bounded by 2/Zminl 4+ 1. Indeed, there is at least one strategy produced by A from an
input label of length | Ly,ax| that satisfies . And all strategies produced by A from an input label
of length |Lyiy| satisfy . The rest of the proofs of Theorems [2| and |3| are identical.

Since we removed all hypotheses, we can now state the final theorem.

Theorem 4. Let A be any algorithm that solves the deterministic asynchronous rendez-vous prob-
lem on the line. Asymptotically, we have ¢(A) > (\/élog(2)/(27r))2 2D ~0.07302¢ D.
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S

(c) (d)
Figure 3: Example of space-time diagram.

A Example of a Space-Time Diagram

In this appendix, we provide an example of space-time diagram (refer to Figure |3). Two agents
follow Sy = (21,2, ...,x7,0) (depicted in black) and Sy = («, x5, ..., 25, 0) (depicted in dark gray),
respectively. To help the discussion, suppose that z1 and x] are both positive. In Figures
and Agents 1 and 2 have the same orientation. In Figures and Agents 1 and 2

have different orientations. In Figures and fs,(0) =0> —D = fs,(0). In Figures
and fs,(0) =0 < D = f5,(0). The same speed is assigned to agent 1 in all figures. The

same speed is assigned to agent 2 in all figures. Notice that in Figures and since the two
curves do not intersect, the two agents do not meet each other with these space-time assignments.
In Figures and the two agents do meet each other with these space-time assignments.
Therefore, S; and Sy are D-incompatible since there exists a space-time assignment such that two
agents following S7 and Ss, respectively, do not meet.

B Missing Proofs

In this appendix, we provide the missing proofs from Section That is, we prove Lemmas
and 4| (refer to Sections and respectively), and Corollary |3| (refer to Section . We first
introduce standard space-time assignments in Section We do not need this concept for the
proofs we present in this appendix. However, they lead to interesting observations and they mildly
simplify the presentation of the proof of Lemma,
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B.1 Standard Space-Time Assignments

Suppose that exactly one agent is moving at a time. Moreover, suppose that when an agent moves,
it moves at speed —1 or 1. Then, the time elapsed (since the beginning of the search) corresponds to
the total distance travelled by the two agents. Without loss of generality, we can always restrict our
attention to such space-time assignments (refer to Propositions |1| and . A space-time assignment
which satisfies these properties is said to be standard.

Definition 12 (Standard Space-Time Assignment). Let S; and Sa be two strategies, and E =
(fsys fsy) be a space-time assignment for S1 and Sz. We say that E is standard if there exists a
sequence or real numbers (to,t1,ts...) such that

e 0=t <ti <ta<---

e Foralli>1, fs, is linear on [ti_1,t;] with slope —1, 0 or 1.

e Foralli>1, fs, is linear on [t;_1,t;| with slope —1, 0 or 1.

e For alli> 1, exactly one of fs, and fs, has slope 0 on [t;_1,t;].

The sequence (to,t1,to...) is called a timeline for =.
We have the following proposition.

Proposition 1. Let S1 and So be two compatible strategies. There exists a standard space-
time assignment (fs,, fs,) for S1 and S2 such that fs,(t) # fs,(t) for every t < ~v(Si,S2) and

fsy (7(51, 82)) = fs, (7(51,52)).

To prove Proposition |1} we need the following technical lemma. Intuitively, Lemma [§| states
that each non-standard but monotone section of a space-time assignment can be made standard,
provided that we stretch time.

Lemma 8. Let 6 > 0 be a real number. Let Sy and Sy be two strategies, and = = (fs,, fs,) be a
space-time assignment for S1 and Sa. Suppose that there exists a time interval (that can consist in
a single point) [s,s'] such that |fs, (t) — fs,(t)| > for every t € [s,s'], and both fs, and fs, are
monotone on [s, s'].

Then there exists a space-time assignment =" = (fg,, fg,) and a time interval [7,7'] such that
T =15 and

e Forallt € [0,7], fg (t) = fs,(t) and fg,(t) = fs,(t)
e Forallte[r,7'], |fs (t) — fs,(t)] > 6.
e Forallte |1/ o0, fgl(t) = fs,(t — (7' = 5")) and ng(t) = fo,(t — (7' = &)).

e During the time interval [7,7'], ' is standard.

As a direct consequence of Lemma 8] the total distance travelled by the two agents during the
time interval [7,7'] (with respect to Z') is equal to the total distance travelled by the two agents
during the time interval [s, s'] (with respect to Z). To prove Lemma [8, we take out the part of =
corresponding to the time interval [s, s'| and we modify it in such a way that

- it becomes standard on the time interval [, 7] = [s,7/] and

- |fs, (t) = fs,(t)] = 6 for all t € [, 7'].
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Then, we glue the part of Z corresponding to the time interval [0, s] (respectively [s',00]) to the
left (respectively to the right) of the time interval [7,7'] = [s, 7'].

Proof. For the proof, we consider the constant function to be increasing. Without loss of generality,

let

5= m'g] | fs(t) = fs.(1)]

tels

and recall that 7 = s. For all t € [0,7], let fg (t) = fs,(t) and fg (t) = fs,(t). To define 7" and
(fs,» fs,) on [,7'], we consider four cases where fg, is either increasing or decreasing on [s, s'] and
fs, is either increasing or decreasing on [s, s'].

1. Suppose that both fg, and fs, are increasing. We consider two subcases: either (a) fg,(s) >

fs,(s) or (b) fs,(s) < fs,(s)-

(a)

If fs,(s) > fs,(s), let 7" = 7+ fg,(s') — fs,(s) and 7" = 7* + fgs,(s') — fs,(s). For
all t € [1,77], let fg (t) = fs,(s) + (t —7) and fg,(t) = fs,(s) For all t € [77,7'], let
fo,(t) = fs,(s") and fg (t) = fs,(s) + (t — 7). By construction, (fg,, fs,) is standard
on [7,7']. Moreover, for all ¢t € [, 7*],

f5,(8) = f5,(t) = fs,(s) + (t = 7) = fon () = f,(s) = fs,(s) = 6.

And for all ¢ € [7*, 7],

f, () = fo,(t) = fs, () = (fsu(s) + (t = 77))
> fs,(8") = fs,(s) = (7 = 77)
= f5,(8') = fs,(s) = (fs,(s) = fs,(5))
= f51 (S/) - fsz(sl)
)
Finally,
f5,(8) = fs,(1) = fs,(s),
f5,(8) = f,(1) = fs,(s),
fs,(7') = fs,(5)
and

fo, (') = fon(s) + (7' = 77) = f, ().

If f51(5) < f52(8)7 let 7% =7+ fSQ(S/) - fSQ(S) and 7' = 7" + fS1(S/) - f5'1(5)‘ For
all t € [1,7], let fg (t) = fs,(s) and fg (t) = fs,(s) + (t — 7) For all ¢t € [7*,7'], let
fs,(t) = fs,(s) + (t = 77) and fg, () = fs,(s). By construction, (fg,, fs,) is standard
on [7,7']. An analysis similar to the one for the case where fg,(s) > fg,(s) shows that
fs,(t) — f5,(t) > 6 for all t € [r,7']. It also shows that fg (s) = f5 (7) = fs(s),
T () = fia(7) = f,(5), £, () = for () and f, (') = s, ().

2. Suppose that both fs, and fg, are decreasing. This case is similar to the case where both
fs, and fg, are increasing.

3. Suppose that fg, is increasing and fg, is decreasing. We can apply any of the two construc-
tions for the case where both fs, and fg, are increasing.
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4. Suppose that fg, is decreasing and fg, is increasing. This case is similar to the case where
fs, is increasing and fg, is decreasing.

For all t € [7',00[, let fg (t) = fs,(t — 7'+ ') and fg (t) = fo,(t — 7'+ &). O

Proof. [Proposition Suppose that the two agents follow .S; and Ss, respectively. By the definition
of v(-,-), there exists a space-time assignment = = (fg,, fs,) such that the total distance travelled
by the agents before they meet is (51, S2). If Z is standard, then we are done. Therefore, suppose
that = is not standard.

Let T = (to, t1,t2,...) and T' = (t(, ], th, ...) be timelines for fg, and fg,, respectively. Suppose
that the two agents meet when Agent 1 is executing step x, and Agent 2 is executing step /.
Recall that by Definition |2 Agent 1 (respectively Agent 2) is executing step x,, (respectively step
x!,) during the time interval [t,_1,t,] (respectively [t/ t',]). Therefore, the meeting occurs

n'—1°"n’
during the time interval [t,—1,t,| N [t),_,,t ] # O. Let (s, s1, ..., Sg) be the sorted list obtained

sty
by merging (o, t1, ..., t) and (¢, ], n, t’n,).nSince [th—1,tn] N[t _4,t),] # O, the meeting occurs
during the time interva]ﬂ [Sk—2y Sk—1]-

For all 1 < i < k — 2, let [r;,_1,7;] be the time interval obtained by applying Lemma |8 on
[si—1,si]. This defines a space-time assignment Z' for all ¢t € [rg, 7,—2] = [0, Tx—2]. By Lemma
the total distance travelled by the two agents during the time interval [r;_1,7;] (with respect to Z’)
is equal to 7; — 7;_1, which is equal to the total distance travelled by the two agents during the
time interval [s; 1, s;] (with respect to Z). Therefore, the total distance travelled by the two agents
during the time interval [7o,7;] (with respect to Z') is equal to Y% (7 — 7j-1) = 7i = 70 = 7.
Notice that 7; < v(S1,S2), otherwise by Lemma (8] the two agents could follow = and meet after
having travelled less than (51, S2) altogether.

We now focus on the time interval [sx_o, sx_1] (with respect to =) during which the meeting
occurs. Let s* € [sg_2,sk—1] be the time when the meeting occurs. For any ¢ > 0, we can apply
Lemma |8 on [s;_2, s* — £]. Consequently, by a continuity argument, we can define 7,1 and Z’ on
[Th—2, Tk—1], Where fg (t) # fg,(t) for every t € [7x_o, 7k—1[ and fg (7x—1) = fg,(Tk—1). Moreover,
by Lemma [8] 741 = (51, S2).

By construction, Z' is standard, fg (t) # fg,(t) for every ¢t < 7(S1,S2) and fg (v(51,52)) =
£, (151, 52). =

The following proposition, is an incompatible version of Proposition

Proposition 2. Let S; and Sy be two incompatible strategies. There exists a standard space-time
assignment (fs,, fs,) for S1 and So such that |fs,(t) — fs,(t)] > §(S1,S2) for every t > 0.

Proof. By the definition of §(-,-), there exists a space-time assignment = = (fg,, fs,) such that
|fs,(t) — fs,(t)] > 6(S1,S2) for every ¢t > 0. If E is standard, then we are done. Therefore, suppose
that = is not standard.

Let T = (to,t1,t2,...) and T" = (t(,t},t5,...) be timelines for fg, and fs,, respectively. Let
(80, 51, $2...) be the sorted list obtained by merging T and T".

For all i > 1, let [r;_1, 7] be the time interval obtained by applying Lemma (8 on [s;_1, s;]. This
defines a space-time assignment =’ = (fg , fg,) for all ¢ € [rg, 00[= [0, o0[.

By Lemma 8] |fg, (1) — fs,(t)] > 0(S1,52) for every t > 0. Moreover, by construction, =’ is
standard. O

I This takes into account the fact that some numbers may be duplicate in (so, $1, ..., Sk)-
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B.2 Proof of Lemma [3

In this section, we prove Lemma

Proof. Let fs, be any realization for S; and T' = (t¢, t1, ..., tn) be a timeline for fg,. Then fg, is
also a realization for S7. Indeed, it suffices to take (to,t1, ..., ti, tit2, ..., tn) as a timeline for fg,.

Conversely, let fs be any realization for S] and 7" = (t'o,t'1,...,t',—1) be a timeline for fg.
There three cases to consider: (1) S; has a redundancy at 0, (2) S; has a redundancy at 0 < i < n—2
or (3) S; has a redundancy at n — 2.

1. Suppose that 51 has a redundancy at 0. Since fg; is monotone on [t'o,t'1] = [0,#'1], the
function fg has an inverse on [0,#1]. Let fST,l(xl) be the number such that fg/ (fs_,l (x1)> =
1 1

z1. Then, fg is also a realization for Si. Indeed, it suffices to take (t'o, fs_,l(xl), 1, t’n_1>
1
as a timeline for fg;.

2. Suppose that 57 has a redundancy at 0 < ¢ < n — 2. This case is similar to the one where 5]
has a redundancy at 0.

3. Suppose that S7 has a redundancy at n — 2. This case is similar to the one where S; has a
redundancy at 0.

Therefore, S; and Sy are compatible if and only if S| and Sy are compatible. Moreover, if
S1 and Sy are compatible, then v(S1,S2) = v(S7,52). And if S; and Sy are incompatible, then
d(S1, S2) = (51, Sa). O

B.3 Proof of Lemma 4

In this section, we prove Lemma [4

Proof. We prove the following equivalent statement: S; and Sy are incompatible if and only if S}
and Sy are incompatible.

[=>] Suppose that Agents 1 and 2 follow S; and Sa, respectively. Let = = (fg,, fs,) be a
space-time assignment for S; and Sy such that Agents 1 and 2 miss each other. Let (to,%1,t2,...)
be a timeline for fg,. Without loss of generality, suppose that fs, (to) = fs,(0) = 0.

We construct a space-time assignment =/ = ( fSi’ fgz) such that Agents 1 and 2 miss each
other by following S} and Ss, respectively. For all ¢t € [0,¢;], we define fs (t) = fs,(t) and
fs,(t) = [fs,(t). In particular, fg(t;) = fs,(t:;) = i and fg,(t;) = fs,(t:). For any ¢’ > ¢;, if we
define for (t) = fs,(t— (¥’ —ti+3)) and fg,(t) = fs,(t — (t' —ti+3)), then fg and fg, do not intersect
on the time interval [t', oo[. Indeed, fg; and fg, are simply a translation by ¢’ —t;43 of fs, and fs,,
respectively. Moreover, for (t') = fs, (ti+3) = iv3 and fg, (¢') = fs,(tivs)-

Therefore, it suffices to find a time ¢’ > t; for which we can define fgi and fgz on the time
interval [t;, '], such that fo (t) # fs,(t) for all t € [t;, t].

Let

= min |fs,(t)~ s, (D)

tE[ti,ti+3]

We can apply Proposition [2| to fs, and fg, restricted to the time interval [¢;,t;43]. We get a time
t* > t; together with a space-time assignment ( s f 52) that is standard on the time interval

[ti, t*]. Moreover, fg,(t;) = fs,(ti) = f&,(t:), fs,(t*) = fs,(tir3) = f&,(t') and

fs,(t) = Fs,(t)] = 0.

min
te[ts,t*]
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We construct ¢/, fs; and fs, from t*, ?Sl and ?52. We let t/ = t* + (243 — x;). To define fs; and
[§,, we consider two cases: either (1) z; < xj13 or (2) w3 < ;.

1. Suppose that x; < x; 3. We consider two cases: either (a) Agent 2 stays to the left of Agent
1 or (b) Agent 2 stays to the right of Agent 1.

(a) For all t € [t;,t; + (zit3 — zi)], let
for(t) =t —t; +
f5,(t) = fs,(ti).
For all t € [t; + (ziy3 — i), t* 4 (zi13 — x4)], let
fsi(t) = wiys,
fs,(t) = foy (t = (i3 — 2:)).
(b) For all ¢ € [t;, t*], let

For all t € [t*,t* + (xiy3 — x;)], let
fo(t) =t —t" +
f5,(t) = [, (7).
2. Suppose that ;3 < x;. The proof is similar to the previous case.
[<=] The proof for the converse statement is similar.
The proof for the second statement of the lemma is a direct consequence of the definition of
= O
B.4 Proof of Corollary

In this section, we prove Corollary [3]

Proof. For all m > 1,

u*(m) < ugy(m) < mu*(m) by the definition of us,(-),
log (u*(m)) < log (ug;(m)) < log(m) + log (u”(m))
log (u*(m)) < log (u3;(m)) < log(m) + log (u*(m))
IV2Am =1~ Z\24m —1 - 2V24m -1 '

Therefore,

log (u'(m) _ . log (ug(m))

lim

mooo T\ /2Am — 1~ mooe T\2Am — 1  ~ mooo  T\/2dm — 1

. log (us,(m))
1< lim ——=——~~ <1 by Theorem |1
~ m—oo %,/24m_1 - y

Thus,
L log (ug(m)

L,
m—c0 T/24m — 1

from which

log (us;(m)) ~ mv24m —1/6. O
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